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Abstract 

The theory of self-adjoint extensions of symmetric operators is used to construct self-adjoint realizations of a second-order 
elliptic differential operator on R" with linear boundary conditions on (a relatively open part of) a compact hypersurface. 
Our approach allows to obtain Krein-like resolvent formulae where the reference operator coincides with the ’’free” operator 
with domain H^(Wy, this provides an useful tool for the scattering problem from a hypersurface. Concrete examples of this 
construction are developed in connection with the standard boundary conditions, Dirichlet, Neumann, Robin, (5 and (5'-type, 
assigned either on a (n - 1) dimensional compact boundary T = 5Q or on a relatively open part S c T. Schatten-von Neumann 
estimates for the difference of the powers of resolvents of the free and the perturbed operators are also proven; these give 
existence and completeness of the wave operators of the associated scattering systems. 
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1. Introduction. 


This work is concerned with the self-adjoint realizations of symmetric, second-order elliptic operators 

Au(x) - ^ dxi(aij(x)dxM(x)) - V(x)u(x), x s (xi,..., x„) 6 K" , (1.1) 

l<i,j<n 

with boundary conditions on (relatively open parts of) hypersurfaces which are boundaries E of bounded open sets Q c R". 
We assume Q to be of class C* *; that suffices in case the boundary conditions are globally imposed on T whereas, in the case 
of boundary conditions on S c C we require more regularity on E, even if it suffices to assume E to be of class C*’°, i.e E 
has a Lipschitz boundary. By 1371] . lll3n . we expect that our results can be extended to the case in which also E is merely 
Lipschitz. As regards the conditions on the coefficients and V, for simplicity we assume that they are both in C“(R"), 
the standard regularity hypotheses allowing to use the classical results on mapping properties of surface potentials (as given, 
for example, in Chapter 6]). However our regularity assumptions could possibly be relaxed. For example, in the case 
Uij = 6ij, it should suffice to work with any (-A)-bounded potential V; moreover, by following the results concerning the 
surface potentials provided in fit] and references therein, we expect that our analysis could also be adapted to the case where 
the Ui/s are bounded and Lipschitz and V is bounded. 

When defined on the domain dom(A) = i/^(R"), the operator A is self-adjoint and bounded from above. We then consider 
the same differential operator A but now acting on a domain characterized by linear boundary conditions on E or on a 
relatively open part S c E. Using the abstract theory of self-adjoint extensions of symmetric operators developed in l^ - 
we construct these models as singular perturbations of the ’’free operator” with domain This allows us to 

describe all possible linear boundary conditions within an unified framework where the corresponding self-adjoint operators 
An,© are parametrized through couples (H, 0), where H is an orthogonal projector on the Hilbert trace space (T) © (E) 

and 0 is a self-adjoint operator in the Hilbert space given by the range of H. Our approach naturally yields to Krein-type 
formulae expressing the resolvent of the self-adjoint extension An,® in terms of the unperturbed resolvent (-A -H z) plus a 
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non-perturbative term; under suitable regularity assumptions of the parameters (11,0), the difference (-An,© - (-A 

is of trace class (for sufficiently large k) and the Birman-Kato criterion allows to consider {A, An,©} as a scattering system 
provided with the corresponding wave operators. 

Singular perturbations supported on manifolds of lower dimension have been the oWect of a large number of investigations 
(see for instance il-lll, i]-ll3, Q-llIi], im-il, Q, s, s, El-llsl, m, S and references therein). These 
have mainly concerned the case of b-perturbed Schrodinger operators and are generally motivated by the quantum dynamical 
modelling, as the case of leaky quantum graphs, or the quantum interaction with charged surfaces. 

Covering a wider class of models, the analysis developed in our work have been inspired by the scattering problem 
from a compact hypersurface with abstract boundary conditions. When these conditions are encoded by the extension An,©, 
the scattered field Mjc corresponding to an incident wave Min is expected to be related to a limit absorption principle for 
(-An,© + In particular, the result obtained in the simpler case of point scatterers (see |47]) suggests the relation 


= lim 

C+3z-<^eR 


((-An,© + z) \-A + z)um) - I 


where the limit is to be understood in an appropriate operator topology. This, using the Krein resolvent identity for (-An,© + 
- (-A + z)~\ would lead to an explicit characterization of the scattered field in terms of a factorized formula depending 
on the incident wave. Different applications of this type of formulas can be foreseen. In the most standard cases (Dirichlet, 
Neumann and impedance boundary conditions on T or S c T), they have been exploited in the analysis of the corresponding 
inverse scattering problem for surfaces reconstruction (see S for an introduction to the factorization method). In this 
connection, our result could provide an unified method to derive factorized formulas for the scattered field for a large class of 
scattering problems with rather general linear boundary conditions. 

The first part of this work is devoted to the construction of self-adjoint elliptic operators with abstract boundary conditions 
on r. In Section 2 we briefly recall the main results of the extension theory of symmetric operators according to Iboll - llbsl] . 
while, in Section 3 the mapping properties of the trace operators and of the single and double layer operators, related to the 
surface T and to the operator A, are reviewed. In the Section 4, we introduce our model through the symmetric operator S 
given by the restriction of A : c L^(R") —> L^(K"), to the dense linear set {u e : mIT = dgu\T = 0), being da 

the co-normal derivative on T. The construction of the self-adjoint extensions of S , parametrized through couples (11,0) on 
the trace space H'- (T) © (T), is then given in Theorem l4.4l and Corollary 14.91 where a Krein-like resolvent formula is also 

provided. The Schatten-von Neumann type estimates for the difference of the powers of resolvents, together with the spectral 
properties of these extensions and the existence and completeness of the wave operators are then given in Theorems 14.1 II 
l4~T2l and Corollary 140^ 

The second part of the work is devoted to applications. In Section 5 we construct the standard models, i.e. Dirichlet, 
Neumann, impedance (or Robin), 6 and 5'-type boundary conditions on T, in terms of extensions of S. The main issue 
concerns the determination of the parameters (11,0) corresponding to the required constraints. In the case of global conditions 
on r, this task is simplified by the nature of 11, which, in the above mentioned cases, identifies with the projection onto the 
// 2 (r) component for the Dirichlet case, with the projection onto the H^iX) component for the Neumann case and with 
n = 1 in the Robin case; then, the determination of 0 for the corresponding boundary conditions easily follows (almost) 
from algebraic arguments. The case of Dirichlet, Neumann, impedance, 6 and b'-type conditions assigned only on a relatively 
open subset S c T is more complex and requires further work: in particular the analysis of self-adjoint operators related 
to compressions of sesquilinear forms on the subspaces and This point is developed in Section 6 and in the 

Appendix. At least to our knowledge, the Krem formulae we provide in the case of boundary conditions on not closed 
hypersurfaces 2 c T do not appear in the past literature. 


2. Preliminaries: Self-adjoint extensions of symmetric operators. 

Given the self-adjoint operator 

A : dom(A) c JX —> 

in the Hilbert space JX (equipped with the scalar product (■, ■) jp), let 

T : dom(A) —» t) 

be continuous (w.r.t. the graph norm in dom(A)) and surjective onto the auxiliary Hilbert space 1) (equipped with the scalar 
product (■, ■)(,). We further assume that ker(T) is dense in JX and introduce the densely defined, closed, symmetric operator 


S :=A|ker(T). 
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Our aim is to provide all self-adjoint extensions of S ; here we use the approach developed in ll^ - ll^ to which we refer 
for proofs and for the connections with other well known approaches to this problem (von Neumann’s theory and boundary 
triples theory). 

For notational convenience we do not identify f) with its dual t)' and we denote by 7 ; 1) ^ t)' the duality mapping (a 
bijective isometry) given by the canonical isomorphism from 1) onto t)', i.e. J{(p) is the differential of the function if ^ \ ||i^||^ 
(see e.g. |@, Section 3.1]); 1)' inherits a Hilbert space structure by the scalar product {(p\,4>2)i)' so that J 

becomes an unitary map, and we denote by {■, ■)(,/(, the duality 


{J ■ 

The inverse 7“' : t)' t) gives the duality mapping from ()' to its dual 1)" s h; we denote by (-, •)(,(,/ the tj-tj' duality defined 
by {ip,<p}w = <i^,7^V)f)- 

Given a densely defined linear operator 

H ; dom(H) c f) -> f) 

we denote by S' the dual operator 

S' : dom(S') c ^ , 

dom(S') := {(f> e\)' ■. 3(f)' e t}' such that ((^',^)i,'(, 
this is related to the (Hilbert) adjoint S* : dom(S*) c f) —» f) by 

S* = 7^*S'7, dom(S*) = 7^'(dom(S')). 

In the case S : dom(S) c ^ the dual operator is defined in a similar way: 

S': dom(S') c (,'^ f,, E'cf>:^f, 

dom(S') {(p e : 3f e \] such that {ip ,!/')[,[,' = for all if/ e dom(S)), 

or, equivalently, 

S': dom(S') c (,'^ f,, 


^cf, cf ,', 

= {(p, S(,o)(,'[, for all ip e dom(S)}; 


dom(S') {(p & [)' ■. 3ip & i) such that {tp, J V)i) = for all if/ e dom(S)). 

The latter definition shows that S = S' if and only if S := S7 : 7''(dom(S)) c f) —» 1) is self-adjoint, i.e S* = S; by a slight 
abuse of terminology we say that S is self-adjoint (resp. symmetric) whenever S = S' (resp. S c S'). 

For any z e p(A) we define e dom(A)) and e B(()', Jff) by 

R,:^(-A + zr\ G, G, (t/?=)', 

i.e. 

V(^ e 1)', Vm e 7^, {G^(p,u)jff - {(p,T{-A. (2.1) 

By our hypotheses on the map t one gets (see llhoi Remark 2.9]) 


and (see Lemma 2.1]) 
so that 

and 


ran(G 2 ) n dom(A) = {0}, 

(z-w)R^.G, = G„-G,, 
ran(G„ - Gj) c dom(A) 


( 2 . 2 ) 

(2.3) 

(2.4) 


A(G,-G„)^zG,-wG„. (2.5) 

Now, in order to simplify the exposition and since such an hypothesis holds true in the applications further considered, we 
suppose that A has a spectral gap, i.e. 


p(A) n R 7= 0. 
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Then we pose 


G Gyi^ , To £ p(-T) n M 


and define 

M, - t(G - GJ = (z - To)G'G,: f)' ^ . (2.6) 

Given an orthogonal projection 11 ; 1) ^ 1), the dual map D' ; [)' —> 1)' is an orthogonal projection in 1)' (since O' = 7117“^ 
and 7 is unitary) and, by |@, Proposition 3.5.1], ran(n)' = l)7ran(n')'^ = ran(n') and ran(n')' = ()/ran(n)-^ = ran(n). Thus, 
for a densely defined linear map B ; dom(H) c ran(n') —> ran(n), one has H' : dom(B') c ran(n') ^ ran(n). As in the 
case ran(n) = 1) we say that E is symmetric whenever E c B' and that is self-adjoint whenever E = E ; one has that E = E' 
(resp. E c B') if and only if E = E* (resp. E c B*), where E E7, dom(E) 7“'(dom(E)). Finally, given a self-adjoint 
© : dom(0) c ran(n') —> ran(n), we define 

Zn,@ := 6 piA) ; 0 + HM^Il' has a bounded inverse on ran(n) to ran(n')). 

Theorem 2.1. Any self-adjoint extension of S — A\ ker(T) is of the kind An,©, where 11 ; f) ^ f) A an orthogonal projection, 
© ; dom(0) c ran(n') —> ran(n) is a self-adjoint operator and 

dom(An, 0 ) {m = Mo + Gf , Ua £ dom(A), f 6 dom(0), IItMo = ©0), 

An,0M ;= Auo + AoGf . 

Moreover Zn,© is not void, C\]R c Zn,© £ p(An,©), and the resolvent of the self-adjoint extension An,© is given by the Krein ’s 
type formula 

(-An,© + z)"‘ ^Rz + Gzn'(© -H nM,n')-'nTl?,, z e Zn,©. (2.7) 

Proof Let us pose © ;= ©7 ; 7''(dom(©)) c ran(n) —> ran(n), G^ G^J : 1) and M^J ; 1) —> f). Thus 0 is 

self-adjoint in ran(n). 


G,n'(© -r ^G,jnr\(&j h- nMjn)7')"'nTi?j 

=G^n(© -H nM,n)'nrG, 

and Zn ,0 = {z £ p(A) : 0 £ p(© + flM^ll)}. Therefore, by Theorem 2.1] (see Remark l2]2l below). the linear operator 

An,© : dom(An,©) Q Jif ^ Jif, (-An,© + z) := (-A -H z)mj , 

dom(An,©) - {u - u^ + Gjfl'(© H- nM 2 n')”*flTMj., £ dom(A), z £ Zn,©} 

is a z-independent self-adjoint extension of A| ker(T); moreover its resolvent is given by (12.71) . Let us now show that An,© = 
An,©. At first we pose (© -i- so that, since the definition of An,© is z-independent, u £ dom(A©) if and 

only if for any z £ Zn,© there exists £ dom(Ao), = (©-)- such that u - u^-\- G^f^. Therefore, by (12.31 ). 

U^ Uyy — G\^'(pW ^zfz — ^Z^fw ^z) (^ W^R^G\^rfw . 

By (O, one obtains Gf(f>„ - ff) - 0. Since G^ is injective (it is the adjoint of a surjective map), this gives - (p„, i.e. the 

definition of <p^ is z-independent. Thus, posing Ua := + (Gj. - G)0, one has u - -¥ G(f>, with £ dom(A) and 

llrMo = llrMj -I- nT(G 2 — G)(f> = (©-(- — IlMJlf — ©0. 


Then, by (12.51 ). 


An,©M = Am;. -I- zGz0 = Amo - A(G2 - G)4> + zG^f = Amo -)- AoGf. 

Finally, by Corollary 3.2] (also see Theorem 4.3]), any self-adjoint extension of A|ker(T) is of the kind An,© for 
some couple (11, ©). □ 


Remark 2.2. Let us notice that the operators denoted by G^ and F^ in Il62h and 06311 here correspond to G^ and Mj respectively. 

Let us remark that we have not used neither the adjoint S * nor the defect space ker(5 * - z). However these can be readily 
obtained; 


4 



Lemma 2.3. 


dom(5 *) — {u - Uo + G(f>, Ua e dom(A), 0 6 [)'), 
S*u — AUa + AoGcfi , 


and 


ker(5*-z) = {G^<^, 0ef)'), 


Proof. By 11621 Theorem 3.1] (see Remark l2]2]) one has 


z e p{A). 


dom(5*) = (m = M, + - (G/ + G-i)<p, m, e dom(A), 0 e t)'} 
S*u - Aut + — (Gi - G-i)(p. 

Thus, posing Uo + j {Gi - G)(p + | (G_i - G)(f>, one has 

dom(5*) - {u - Uo + G(p, Uo e dom(A), f &\)'] 


and 

5 = Amo - i A(G; - G)0 - i A(G-; -G)f+^- (G,- - G-df. 

By (12.51 1 one then obtains S*u - Auo + AoGf. 

The vector m = «„ + G(p e dom(5*) belong to ker(5* - z) if and only if (To - z)G<p - (-A + z)Mo. This gives u - 
(To - z)RzG<p + G4>\ by (I2.3l l one gets u - G^f. □ 

Remark 2.4. By Lemmaand Theorem l2.ll any self-adjoint extension of S is of the kind 

An,© 5*|dom(An,0), 

dom(An, 0 ) - {u e dom(5*) : ySoM e dom( 0 ), IlySiM = ©/^qu] , 

where 

ySo ; dom(5*) ^ 1)', Pqu f. 

Pi : dom(5*) —» \), P\u := tMo , 

Moreover (using ll^ Theorem 3.1]) one has the abstract Green’s identity 

{S*u,v)j^ - {u,S*v)j^ = (/SiM,y8oV')[,[,' - (/6oM,y6iV'>[,'[, 


Let us also notice that u - G^f solves the adjoint (abstract) boundary value problem 


jS*u— zu 
\Pqu = f. 


( 2 . 8 ) 


Remark 2.5. By 11621 Theorem 3.11. the triple ('h-Ti.T?'). where Ti := -J 'ySo and r 2 '--Pi is a boundary triplet for 5*, i.e. 
Ti and r 2 are surjective and 

{S’‘u,v)j^ - {u,S*v)j^ = {Tiu,T2v)ii - {T2 U,V\v)i^ 

holds true. The Weyl function of the boundary triple (f),ri,ri) is the bounded linear operator M^J ; 1) —> 1), where is 
defined in (I2.6l l (see ll^ Theorem 3.1]). For Boundary Triple Theory we refer to 1651 and references therein. 


We conclude the section with the following result: 
Lemma 2.6. Given the linear operator H : dom(S) c ran(n') 


ran(n), let us define the linear operator Au,e by 


^n,H 5*|dom(An,H), dom(An,H) {u 6 dom(5*) : Pqu e dom(H), = ’B.Pou}. 


Then An,H is self-adjoint if and only ifR is self-adjoint. 

Proof. Since we can re-write dom(An,H) as 

dom(An,H) - {u e dom(5*) : Tim e 7“*(dom(E)), nr 2 M = -HTTim], 

and since (t),ri,r 2 ) is a boundary triple, by e.g. ll^ Lemma 14.6 and Theorem 14.7], An.s is self-adjoint if and only if 
H7 : y 'dom(H) c ran(n) ^ ran(n) is self-adjoint. The latter is equivalent to H self-adjoint. □ 
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3. Preliminaries: Sobolev spaces and boundary-layer operators 


3.1. Sobolev spaces. 

Let Q be a non-empty open subset of R”; A: e N, denotes the usual Sobolev-Hilbert spaces H^iQ.) [u e L^(Q) ; 

(9“m e L^iQ.), |a| < k}, where <9“ : —» ^'(Q) denotes the distributional partial derivatives of order \a\. In the case 

Q = R", the scale of Sobolev-Hilbert spaces //^(R"), i £ R, is defined by //^(R”) {u e J^'(R”) : \u{k)'^(\k'^ + lydK < 

-Hoo), where J^'(R") is the space of tempered distributions and m denotes Fourier’s transform. //“*(R") identifies with the 
dual space of //^(R"); we denote by (•, ■)-s,s the H duality pairing. 

Let us now suppose that Q. is bounded and let F denote its boundary: F = dO.. We further suppose that Q c R" is of class 
C^ ', k > 0, i.e we suppose that its boundary F is a manifold of dimension n - 1 whose local maps are Lipschitz-continuous, 
together with their inverses, up to the order k. In the particular case Q is referred to as a Lipschitz domain. The scale of 
Sobolev-Hilbert space H%Q.), s e R, is then defined by H%Q.) := {m|Q : m e //*(R")}, m|Q denoting the restriction of u to Q. 
In the case i £ N, this definition reproduces the previous one (see e.g. 0391 1.4.3.1]). 

The Sobolev spaces of L^-functions on F, next denoted with (I^ are defined by u sing an atlas of F and the Sobolev 
space on flat, open, bounded, (n - l)-dimensional domains (see e.g. 1391 Section 1.3.3], 1571 Chapter 3], 0671 Section 3.1]); 
they are well defined up to the order |i| - k+1, and (F) identifies with the dual space of (F). We denote by (•, •)_j ^ the 
duality pairing. If F is a manifold, considering the Riemannian structure inherited from R”, we have that i/^(F) 
identifies with dom((-Ar) 2 ) with respect of the scalar product 


{<P^V)w(T) (A^0, A V)L2(r) > A (-Ap -i- 1)^ 


(3.1) 


being Ap the self-adjoint operator in L^(F) corresponding to the Laplace-Beltrami operator on the complete Riemannian 
manifold F (see e.g. 11581 Remark 7.6, Chapter 1]). According to this definition, A'^ is self-adjoint in H^{Y) with domain 
and acts as a unitary map A'^ : W (F) ^ (F). In particular A^^ : H\T) H plays the role of the duality 

mapping J introduced in Section|2l and one has (0, = {A“*0, A^ig)p 2 Q^In the case F is not one can use the definition 

(which works in the case Q is of class C^ *) Ap := Div o Vtan provided in 1381 Theorem 1.2]. The two definitions coincide in 
the case F is (see |38, Section 7]). 

Denoting by 0 = do < di < ■ ■ ■ < < A^+i < ■. ■, the increasing sequence of the eigenvalues of the self-adjoint operator 

-Ap : dom(-Ap) c L^(F) ^ L^(F) and by the corresponding normalized eigenfunctions, one has 


i(P) - + l)''l(^^> 'fk)v-(V)?' ■ 


k=0 


Thus, given r < s < t, for any e > 0 there exists > 0, t as e J, 0, such that 


ll<^ll//*(r) < £ ll<^ll/r'(r) + Cell<^ll/r'-(r) • (3.2) 

If S c F is relatively open, then (2), |s| < k -H 1, is constructed using an atlas of Z and the Sobolev spaces on flat (n - 1)- 
dimensional domains. If 2 is of class C^ *, i.e. if its boundary is a Lipschitz manifold, then a continuation map allows the 
identification - {(^|2 : cj) £ //^(F)] and ||i,o||h>( 2) = inf{ II^IIh^cf) : ^ (see e.g. Theorem 1.4.3.1], ifT^ 

Definition 3.6], llS Section 4.3]). 

In the sequel, we shall also use some closed subspaces of let A c F denote either IS = F\S or E and s > 0, we 

define 

H^(F) := (0 £ W{Y) : supp(,^) c A] = W(Y) n 4(F), 
where L\(Y) denotes the space of square-integrable functions with essential support contained in X, and 

H^^\Y) := {0 £ H~\Y) : <0, (k)-.,. = 0, for any ijj £ //^(F)j. 


Therefore 


V<^ £ //-(F), £ Hy{Y ), {4,, ipU,, = 0. (3.3) 

By the continuos (with dense range) embeddings //*(F) //'^(F), r < s, one gets 

//^(F) n //"(F) = //^(F), //^(F) c //^(F) (dense inclusion). 
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One has the identifications 


H\Y)' - H-^(r), H^ry - 

(see IB Proposition 3.5 and remarks at page 111], li^ Lemma 4.3.1]) and the (strict, whenever « > 5 ) inclusions 

//L(r) c H\l.) c L^{I.) c H-\Y) c H-\r ), i > 0. 


Denoting by Hq(Y,), s > 0, the completion of HfJT) with respect to the norm of one has (see 11461 relation (4.3.10)]) 


HLiD = 


_ )"o 


//"(S) i 4= [i] + i 


^oo(^) ■* =[■*] + 7 , 


where 


//^o(E) (0 e //^(2) : d-^-D‘^cf> e lH^) , \a\ = [ 5 ]], 


d denotes the distance to the boundary 52 and D denotes the covariant derivative. In particular, since (2) = H'- (2), it 
results 


e //2 (2) and 


d(x) 


■ dcr^ix) < +00 


e//|(r). 


where err denotes the surface measure and here 0 denotes the extension by zero. 
We shall also need the Hilbert orthogonal 


= {cf>e H%r) : <A">, 1 ^)-.,. = 0, for any e H^yr)} = . 


(3.4) 


Let Hj; : //'(L) ^ i/*(r) be the orthogonal projection onto then (see e.g. Il57l page 77]) the map 

Ur, : ^ HXT) , U£(n20) := (n20)|2 = 0|2 

is an unitary isomorphism. Therefore we can regard 7/^(2) as a closed subspace of HXF). Using the decomposition (p - 
(1 - nj;)^ © the restriction operator Rrcp 0 © U^H^^ = 0 © (0|2) is the orthogonal projection from HXF) - 

//^.(L) © //"(2) onto //"(2). 

3.2. Sobolev Multipliers 

Let us now introduce the following notation; we write ^ 6 M^(r), s > 0, whenever is a multiplier in HXT), i.e. 


MXT) ;= e HXT): i^cp e //"(L) for any 0 e //"(L)] 
={i/' e HXF) :3m^>0 s.t. ||iA<^||/r*(r) < ||0||H..(r)). 


(3.5) 


The equality holds, by the closed graph theorem, since the map 

M"(r) c L”(r): 


ij/p is closed and everywhere defined. Notice that 


IIiAIIl”©) = lim ||i/f||z.2qr) = lim ^ ,hm l|i/lll/«n < lim IIIH^^^, = . 

»+co k-^X-oo ^ U k-iX-cc '■ ’ k-^X-cc ' ’ 

By the same kind of proofs which hold in the flat case (see 1^ Proposition 3.5.1, Corollary 3.5.7]) one has 

MXF) c MXF) , r<s, 

and 

i/r e MXY) and 1 /i/r e L“(r) ^ 1 /i^ e M"(r). 

We recall some relatively simple sufficient conditions in order that a given function belongs to MXY). By IB Theorem 3.20], 

W^’“(r) c M"(r), k>max{l,i], 


where W*^’“(r) denotes the set of functions in C* '(T) with k-order distributional derivatives in L“’(r). By 11671 Proposition 
4.5] this result can be improved to 

A"(r) c mxy) , 
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where (see 11671 Section 4.1]) A^(r) = VK^’“(r) whenever s - k and, in case s > 0 is not an integer, 

A\r) e e L^ifiUd) , i e / , 4 = ^ - [i]} , 

\d‘^cf,i(x) - 5“0,(y)|2 


q^.A,i(x) V I 


||x-yiri+2^ 


■dy, (pi := (ipi(f>) o f. . 


Here {(t/,-, fi)}iei is an admissible atlas of F and {^/},e/ is a subordinate partition of unity. 

Notice that, for any i - [i] < k < 1, one has c A^(r), where C^’''(r) denotes the set of functions in VF*^’“(r) having 

Holder continuos (of exponent k) A:-order derivatives. 

In the case F is a smooth manifold, by Theorem 24] one gets 


H^T) = M'(F), 


i > - (n - 1) . 


By the embedding //^(F) T^(F), - - j - ;;rf, which holds whenever i < ^ (n - 1), and by lll9[ Theorem 27], one gets 


where 


^(«-i)/^(F) n c M"(F), s < - (n - 1), 


L?(F) := {0 e L«(F): (-Ar)5 0 e L^(F)]. 


3.3. Trace maps. 

For a bounded open domain Q of class we pose 

Q+:=M"\Q, n 

while V denotes the outward normal vector on F. The one-sided, zero-order, trace operators act on a smooth function 
u e C“ (f2±) as y^u - m|F, where (p\Y is the restriction to F. These maps uniquely extend to bounded linear operators (see e.g. 
IHtI Theorem 3.37]) 


eB(//^(QJ,//'-Mr)), }.<s<k+l. 


Then, given fly 6 C“(M"), fli/x) = aji{x) such that 


Vx, ^ e M" , ^ aij(x)^i^j > Co , Cc > 0, 

l<i,j<n 


we define one-sided, first-order, trace operators 


(3.6) 


(3.7) 


rf eB(//^(QJ,//^-Mr)), -<^<^+1, 

by the zero-order trace of the co-normal derivative: 

^ VijQiaijd^.u) 

Using the maps yjj and yf we define the two-sided, bounded, trace operators 

yo : //'(fi-) © iiF(Q+) ^ , yo(M- © u+) ^(yoU+ + y^u ^), 

yi : //"(Q_) ©//"(Q+) ^ //"~5(F), yi(M_©M+) := i(y|M+ ©y^w-) 


(3.8) 


(3.9) 


[yo] ://^(f2-) © i/'(Q+) ^ 77* 5(r), [yo](M_ © m+) yjM+- ygM-, 


and 






Posing 

by |[ll Theorem 3.5.1], one has 


[yi] :^ i/' ^(r), [yi\{u^® u+)y\u+- . 

//"(R"\r) WiD.^) e W{Q .+), 



H^(W) = H^(W\r), 0 < i i , 

(3.10) 


//"(R") = //"(R"\r) n ker([yo]), J J ’ 

(3.11) 


H^W') = //^(R”\r) n ker([yo]) n ker([yi]) 5 < * < 5 ■ 

(3.12) 

More generally, given 

a relatively open subset S c T, one has 



i/'(R"\S) = {m e H\R’'\r) : supp([yo]M) c E) , ^ ^ ^ , 

(3.13) 

and 

//^(R”\E) = {m e //*(R”\r) : supp([yo]M) U supp([yi]M) c Ej , ^ < s < ^ • 

(3.14) 


In the following we use the notations 

W-(W) Pi Q H''(W\r) , H^-(W'\T.) Q H’'(W\E). 


3.4. Boundary-layer operators. 

In what follows A denotes the 2nd order, symmetric, elliptic partial differential operator 

A : ^ , Au:^ Yj d^XaijdxjU) - Vu , 


where we suppose aij, V 6 C“(K"), aij{x) - ajiix) and that (I3.71 l holds true. When restricted to i/^(K"), A provides a 

bounded operator in B(//'(]R"), by the identity 

<Am, v)_1,1 ^ - Y 5 ;c.V>/. 2 (R„) + {Vu, V>/.2(R„) . 


Moreover the sesquilinear form 

F : H\W) X hHW) c l2(R") x L^iW) R, F(u, v) := -<Am, v>_i,i 

satisfies 

Vm e //‘(R"), F(u, u) > Cc||Vm|| 2,(„,.^ - HVneglU l|M|li 2 (R„), (3.15) 

where Vneg denotes the negative part of V; therefore F is closed and semibounded . By (17.11) . the corresponding self-adjoint 
operator is then given by the restriction of A to the domain Da, 

Da [u e H\W) : Am 6 l2(R«)} = h\W') . 

Thus A ; c l 2(R") is self-adjoint, (-A H- z)-' e B(L2(R«),i/2(R«)) for any z e p(A) and (llVneglloo, +oo) c 

p(A). By (13.151) . for any A > IIKegllco one obtains 

VMe//*(R"), ||(-A -I- /l)M||/f-i(R») > c ||M||;/i(Rn), (3.16) 

and so 

(-A-hT)-' 6 B(H-\W), H\W)) . (3.17) 
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By (13,171 1 and by elliptic regularity, see e.g. ||^ Theorem 6.22], (-A + d) e is a bijection; thus, by the 

inverse mapping theorem, one has 


(-A + A)-^ e , m>-l. 

Given the bounded open set Q c R" of class C^’*, k >0, the single and double-layer operators 

SL, : H-Ur) ^ L^iR"), 

related to A and T are defined by 

<SLj(^, := <0,yo(-A H-z)"‘ 


(3.18) 


,^;H-j(r)^L2(^"), 


'«) 3 3 , ueL^(R"), 

2’2 

(3.19) 

M6L2(R«). 

(3.20) 


Let gz(x,y) be the integral kernel of the resolvent (-A + z) it is a smooth function for x ^ y (see e.g. 11571 Lemma 6.3]). 
Therefore ( 13.191 1 and (13.201 1 give, if .r ^ T and <p, (p & L^(r), 


SL20(x) 


= J^Sz(x, 


y) <P(y) doriy ), 


and 


T)h,ip{x)^ V \ Vi{y)aij{y)dxjgz{x,y)(p{y)dcrY{y), 


(3.21) 


(3.22) 


1 

where ct]- denotes the surface measure. We need the following mapping properties: 


Lemma 3.1. For any A > ||y„. 


one has 


SL .1 e B(i/-5(r),//'(»«)), DL,, e B(//5(r),//'(Q±)) 

Proof. By (ITTtI) . dTTOl) and by yo e B,{H\R''),H^-{T)), if 0 6 //-5(r) then 

|(SL,)0, M)/_2(]an)| < ||0||^_1 ^j,^||70(-24 + d) ^ C ||0||^_l ^^^||M||/f-l(]Rn) . 

By ifs^ Lemma 4.3] and ifs^ Theorem 3.30] one has 

llyi(-24 + d) ^ c(||(-A -I- d) 'mIIhho*) + l|M|l/ri(n*)') ■ 

Thus, by (13.17b and (13.20b . if cp e (T) there follows 

\{P>Lxp, u)LnnJ < ||<,o||^i + d)"' ln,M||^_i < c ||i,o||^i ^^J|M||//i(n*)' ■ 


"/r-i(r) 




□ 


Since gz{x,y) is a smooth function for x + y, one has SL.(^, DL,^ 6 C°°(K"\r) and (see Il57l eqs. (6.18) and (6.19)]) 

Vx ^ r, A SLj0(x) = z SL.0(x), A XAhz^pix) = z DLj.^(x). (3.23) 

Therefore, setting 


one has 

where 


SL*0 SL,(^|fi± , DL*^ := DL.^|fi± , 

SL*0 e ker(A”“ - z) , DL*,,o e ker(A““ - z ), 


A”“ = A|dom(A““), dom(A”“) {m± e L^(fi±): Am± e L^(Q±)}. 


(3.24) 


(3.25) 


In the case Q. is of class C* *, by proceeding as in the proof of theorem 6.5 in 1581 Section 6, Chapter 2] (see the comment in 
I before Theorem 1.5.3.4), the maps and yf can be extended to 

y^ e B(dom(A”“),(p)), yf e B(dom(A““),(T)) 
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(here dom(A* 3 x) has the graph norm), which in turn provide us with the bounded maps 


yo : dom(A™“) e dom(A™“) H ^(F), %{_u- © m+) + JquS) , 

yi : dom(A™“) ffidom(A™“) —> i/~2(r), y\(u^®u+)\- -(y^u++y^u-) 


and 


[yo] : dom(A™’') © dom(A”“) ^ H HT), [yoKw- © «+) := ro«+ “ To' 
[yi ] : dom(A”“) © dom(A”“) 


H ^-(T), [yi](M_ ©M+) := yjM+-yjM_ . 

These maps, together with OSTL Theorem 7.2], give, whenever Q is of class C^ ', k > 1, and for any |i| < k, the bounded 
operators 

1.1 II 

(3.26) 


y^SL, 6 , yfSL, e , 

yj^DL^ e B (//"+5 (p), (F)), yf DL, e (F), (p)). 

Moreover the single and double layer operators satisfy the jump relations 


(3.27) 


[yo]SLj0 = [yi]D40 = 0, [yi]SLj0 = -[yo]DL2<^ = -0. (3.28) 

By the first relation in (13.281) one gets 

y^SL, = yoSL,, yfDL, =yiDL,. 

Notice that in (13.261 ). (13.271 ) and (13.281 ) the extended trace operators coincide with the usual ones whenever the range spaces 
are Sobolev space on F of strictly positive index. 

For any A e p{A) n R both the bounded operators yoSL^ and yiDL.^ are symmetric w.r.t. the //' 2 (F)-// 2 (F) pairing (see 
ifs^ Theorems 6.15 and 6.17]: 

V(^, {(p, yoSL,)(/3)_ 1 _ 1 = (yoSL^^^, 

V(^,9? 6//5(F), {4>,yiFA'Lxp)\_ _i = <yiDL,i(^,y?)_i_i . 

Moreover these operators are coercive: 

Lemma 3.2. Let A > max(y„(.g). Then there exist cq > 0 and ci > 0 such that 

V<^ £ //-5(F), <^,yoSL,„^)_i . > CO ll-^ll" . (3.29) 

and 

£ m (F), -<yiDL,^, ^>_ 1 1 > Cl ||^||2 , . (3.30) 

2’2 Hi(r) 

Proof. In the case A = A and d = 1, the proof is given in if^ Lemma 1.14 (c)] as regards yoSL^ and in Theorem 1.26 
(e)] as reg^ds yiDL,i. Here we provide an alternative proof which adapts to our hypotheses. 

By ifSA Lemma 4.3] for any u± £ dom(A™“) n //'(Q±) one has yf m± £ //-^(F) and 


moreover for such a m± and for any v± £ //'(f^±) the ’’half’ Green’s formula holds (see Theorem 4.4]): 


llfl'M±ll 1 < ' 


(3.31) 


<(-A”“ + 2l)M±,v±)L2(n,) 

= ^ (a, 7 < 9 ;M±, djV±)i 2 ^^^) + ((y + T)m±, V±)i 2 (n^) + <yf m±, yg v±)_ i _ i . 

\<ij<n 

Thus, posing u±-v±- SL|<^, by (-A^^^^ + A)u± = 0 and by (13.281 ). one gets 

0 = ^ {aijdiSL,i(p,djSL^f)ynRn~, + {(V + /l)SL,i0, SL^0>i2(R,.) + ([yi]SL,i0, yoSL^f}_^ i 

l<i,j<n 

>Co||VSL^ 0 ||^ 2 (jj,.^ + (d - max(y„eg)) ||SL^ 0 ||^ 2 (jj„j - <(^, yoSL^^).! i . 
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Therefore, setting Ka min{co, A - max(yneg)}, one obtains 

<0,7oSL,i(^>_i_i > /Co . 

By [yi]SL^0 = -(p, by (13.311) and by the continuous embedding //'(Q±) one gets 


H-i(r) 


<c 




<c(1+t2)||SL„^||2,, 


") 


and so ( 13.29b follows by posing cq = /Co(c(l + 

The proof of (13.30b proceeds along the same lines by inserting u± = v± - DL|^ in the Green’s formula above; in this 
case one obtains 

By [yolDL,!^ = If, denoting by N± the norm of 6 B(//'(Q±), (T)), one obtains 


and so ( 13.29b follows by posing ci = /Co(max{A^i, 

We conclude this section providing results about the mapping properties of yoSL^ and yiDL^. 
Lemma 3.3. Let A > max{V„eg) and Q be of class k > 1. Then 

yoSL^(^ e (T) 0 e i(T), \s\<k-l, 

yiDUf e H^-^T) |/f|<;t. 


□ 


(3.32) 

(3.33) 


Proof. By (13.26b and (13.27b we only need to prove the => implications. By 11571 Theorem 7.17], both the maps yoSL^ 
and yiDLi are Fredholm with index zero and s-independent kernel. By ( 13.29b and (13.30b such maps are injective and 
therefore bijective. Thus, by (13.26b . (13.27b and by the inverse mapping theorem, (yoSL,0~' e B(//^^5(r),//^~5(r)) and 
(yiDL^)-i e B(//^4(r),//^4(r)). □ 


4. Self-adjoint realizations of singular perturbations supported on hypersurfaces. 

Let A : c L^{W’) —» L^(]R") be the elliptic, self-adjoint operator defined in Subsection l3.4l i.e. 


Au ^ dxfaijdxjU) - Vu , 

\<ij<n 

with ajj, dxflij, V e C“(M"), the symmetric matrix a = [aifx)] satisfying (IitT i. 

Given Q open, bounded and of class C* *, posing 

T : H^(R.") —> 7/2 (p) 0 //2 (p) ^ ru you ffi yiw, 


one has 

Lemma 4.1. The map t is bounded, surjective anc7ker(T) is dense in L^(R"). 

Proof Let u 6 Then, by ||m||^ 2 (r„) = I|m|^-II^ 2 (q ^ + l|M|f^+ll^ 2 (Q y f is bounded since both y^ and yf are bounded; 

ker(T) is dense since it contains the dense set C“n,p(K"\r). By Remark 2.5.1.2], both 

: H^(n±) (F) e h'^ (F) , yg m± e yf m± 

are surjective. Given 0 © (^ e T/J (F) © //J(F), let u± e //^(Q±) such that r=^M± = (p®ip. Let u± e //^(R") be an extensions of 
u±. Then t Q («_ + m+)) - f® ip and so t is surjective. □ 
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By the definition of the map t we have that 


5 := A|ker(T) = 


where 

Af" := {U^ e //2(QJ ; = Q) . 

Since it is known that (A™")* = A™“, one obtains 

dom(5*) = dom(A”“) ® dom(A”“), S* ^ A”“ © A”“ . (4.1) 

Thus we have the well-defined bounded (w.r.t. the graph norm in dom(5*)) maps 

fo, [yo] e B(dom(5*),i/-5(r)), yi, [yi] e B(dom(5*),//-i(r)). 

By Lemma 14.11 we can apply the results of Section |3 to A and so find all self-adjoint extensions of the closed symmetric 
operator AI ker(T) = A™" © A™". To this end we need to determine the operator and Mj (see definitions (12. Il l and (l2.61 lL 
By (13.191) and (13.201) this is immediate: 


and 


: i/^5(r)®//-5(r) ^ G^((p®^p) + 

M, : H-i(r) © (T) ^ m (T) © (T), 

^ryo(SL-SL,) yo(DL-DLJ 
" ■ y 1 (SL - SL;) y 1 (DL - DLJ 


(4.2) 


(4.3) 


where 

SL := SL.^^, DL DLi^, To > max(yneg). 

Next lemma provides a representation of A™“ © A™“ and of its domain. Before giving the precise statement we need some 
definitions. The distribution 5r £ .^'(R") is defined as usual by 

Vm 6 C“™p(R"), (dr, u(x) dcTr(x ). 

Given / e we then define /dp G and fdadv 6 ^'(R") by 


Vm g C“ (R") , (/dr, u) = </, M|r>_,, 


and 


VueC" 


R"), (/5adr,M):=- ^ (/v,dr, flyd^^M). 

i<G<« 

Notice that if Q is of class C’ * then v is Lipschitz continuous and so the product fv is a well-defined vector in // ''(T), 
r = min{l, i). 


Lemma 4.2. 


dom(A”“) © dom(A7’‘) ={m = Mo + SL0 -H DL^, Mo g H^{W) , <^ © ^ e //^5(r) © //^j(r)} 


={u - Uo — SL[yi]M + DL[yo]M , Uo G //^(R”)), 


and 

(A”“ © A”“)m = Am - [yi]M dr - [yo]M d„dr . (4.4) 

Proof. By (14.11 ). Lemma 1231 and (14.21 ) one has 

dom(A““) © dom(A”“) = [u = Mo + G(0 ®p), H^{W), f ® i/^5(r)}. 

Since [yo]Mo = [yi]Mo = 0, the proof of the first statement follows by using the jump relations (13.281 ). As regards the second 
statement, in the case A = A the proof has been given in iH Theorem 3.1] (be aware that there the jumps of the trace maps 
have been defined with opposite signs). The proof in the more general case discussed here proceeds along the same lines and 
is left to the reader. □ 
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Remark 4.3. By (A™“ ffi A™’‘)Gj(0 ffi i^) = zG^{(j) ffi ip) (see (I2.81 l) and by (14.4k one has AG^((p © ‘pXx) - zG^((p © ‘pXx) for 
any x e R"\r. Hence, by elliptic regularity (see e.g. 1571 Theorem 6.4]), setting P ;= {.r e R" : dist(.r, T) < e), e > 0, one has 

G,(4>®ip) ef^H\W\r). (4.5) 

3'>0 

Similarly, if supp(0) c 2 and supp((,o) c 2, E c T relatively open, then by (E31l, one has AG^{(p ffi (p){x) - zG^{(f> ffi (p)(x) for 
any x e K"\E. Hence, by Theorem 6.4], setting ;= {;<: e R" : dist(x, 2) < e), e > 0, 

V(,^ffi^)6//_^(r)ffi//‘^(r), G,(0ffi^)eQHW’\n. (4.6) 

s>0 

From now on 

H; //i(r)ffi//j(r) ^ HHY)®HHr), 

denotes an orthogonal projector, 

H': H^i(r)ffii/^j(r) ^ H-hr)® h-'ht), 

denotes the orthogonal projector defined as the dual of H, so that H' = (A^ ffi A)n(A“^ ffi A“'), and 

0 : dom(0) c ran(n') ^ ran(n) 

denotes a self-adjoint operator. By Theorem l2.1l and Lemma l4~2] one readily obtains all self-adjoint extension of S: 
Theorem 4.4. Any self-adjoint extension o/A™" ffi A™" is of the kind An.e, where 

An ,0 : dom(An, 0 ) c l2(R«) ^ l 2(R«) , An.e := (A™’^ ffi A”“)|clom(An, 0 ), 


dom(An, 0 ) := {« e dom(A™“) ffi dom(A™“) : {-[yi]u) ffi [%]u e dom(0), 

n(7o(M + SL[7i]m - DL[7o]m) © ri(« + SL[7i]m - DL[7o]m)) = 0((-[ri]M) ffi [ro]M)} ■ 


The set 


Zn,@ ■— k £ p(A) '■ 0 -H HMjH' has a bounded inverse} 


is not void; in particular C\R c Zn ,0 £ p(An, 0 ) and for any z e Zn.e the resolvent o/An.e is given by 


(-An .0 + zT^u = (-A -H z)-'m -h G,n'(0 -t nM,n')‘‘n(ro((-A -t zT^u) © ri((-A -t z)-'m)) , (4.7) 

where G^ and are defined in (lO l and (l431 l respectively. 

Remark 4.5. Let us notice that the n'’s appearing in formula (I4.71 i act there as the inclusion map H' : ran(n') —> //“^'^^(T) ffi 
//-i/2(r) This means that one does not need to know H' explicitly: it suffices to know the subspace ran(n') = ran(n)'. 

Remark 4.6. Let us notice that the self-adjoint extension A corresponds to the choice H = 0. By Lemma l4~2] the choice 
n = Hi ffi 0 gives lfo]u - 0 and so produces self-adjoint extension (”d-type” interactions) of the kind Am - [ 7 i]m (5r while the 
choice n = 0ffin2 gives [yijM = 0 and so produces self-adjoint extension (”(5'-type” interactions) of the kind Am - [yo]u dadr', 
different H’s give combinations of 6 and 6' interactions. 


Remark 4.7. Let u - u^ + SL 0 -h DLi/j be in dom(An, 0 ) and suppose that 

dom(0) c H^fT) ffi H^HY) , si>-^, S 2 > 


Then, by (I4.51 l and the mapping properties of single and double layer operators (see 11571 Corollary 6.14]), 


(4.8) 


SL0 H- DL,^ e //"(Q_) ffi , 


s = mm jsi + 2 ’ '*2 + 2 


and so 

dom(An, 0 ) £ , So = min{ 2 , s]. 

In particular, dom(An,0) £ H^(R"\Y) whenever s > 2. The relation (I4.6l l suggests that such a kind of regularity could hold on 
a larger set whenever supp((^) U supp(i,tj) £ E, E c F. However, as the next result shows, one has to exclude a neighborhood 
of the interface clE: 
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Lemma 4.8. Let 


Du ;={,^ei/_^(r):,^|2e//5(2)}, 

Di, 2 :={0 e //-"(L): (roSL<^)|2 e 


D 2.1 :={^e//_^(r):^|2e//5(S)}, 

D2,2 := W e : (riDL^)|E 6 HHI.)]. 


If 


then 


dom(©) c Di_,' © D2.j, i, j & [ 1 , 2 ], 
dom(An,©) c U (ffi)")), 


where 

(ffif := {xe K" : dist(x,< 9 S) < e}, e>0. 


Proof. If 0 e Dl l and ip e D2,i, by ifs^ Theorem 6 . 13 ], one has SLf e and DLi^o e N^(Qf), where := Qi n Q± 

and Qi of class C*' such that QiTi T is strictly contained in S. 

If 0 e Di_ 2 and p e 1)2,2, by 0571 Theorem 7 . 16 ], <p e ( 2 i) and p e ( 2 i), for any relatively open Si such that Si c S. 
Let now take Q2 of class C*’* such that f22 LiT is strictly contained in Si. Then, by Theorem 6 . 13 ], one has SL0 e 
and DLy? e where f22 n Q±. 

The final statement then follows from (I 4 . 61 l. □ 


In the case dom(An,0) £ D^(K"\r), the statements contained in Theorem | 4 j 4 ] simplify and one has the following 

1 3 

Corollary 4.9. Suppose that dom( 0 ) c (T) © (T) and define 


Then 


Bq : dom(©) c ran(n') —> ran(n), Bq ® + flBIl', 


B ; D5(r)©D5(r) ^ D5(r)©D5(r), 


yoSL yoDL 
71SL 71DL 


dom(An,0) = {« e D^(R"\r) : (-[7 i]m) © [70]^ 6 dom(©), n(7oM©7iM) = B0((-[7 i]m) © [7o]m)] 


and 

(-An,0 + z)"‘m = (-A + z)‘‘m + G^n'(B& - nM;n')'‘n(7o(-A + z)-‘m © 71 (-A + zT^u ), 

where 

o _ 7oSL^ 7oDLj 
■ [ 71 SL, 71 DL, ■ 

Proof. By Remark l 4 ~ 7 ] u e Pl^(Q.J) © H^{Q.+). Thus n(7oM © 71«) is well defined and, by the definition of dom(An,0) given 
in Theorem l 4 . 4 l 


&( 4 > ®p) — n(7o(M - SL(^ - DLi/j) © 7 i(m - SLi^ - DLi,^)) 

=n(7oM © 7i u) - n(7o(SL0 + DLyp) © 71 (SLf + DLy?)). 

The proof is then concluded by the identity © + flM^Il' - Bq- nM°n'. □ 

Let us recall some definitions: &oo{H\,H 2 ) (© 00 (D) &oo{H,H)), denotes the operator ideal of compact operators on 

the Hilbert space Di to the Hilbert space D 2 ; &p,oo{Hi, H 2 ) (©p, 00 (D) := &p,oo{H, H)), p > Q, denote the operator ideals of 
compact operators T on the Hilbert space H\ to the Hilbert space D 2 such that su(T) - D(k“*^^), where the the singular values 
Sk{T) are defined as the eigenvalues of the non-negative compact operator {T*T)^. One has T 2 T 1 e ©p_oo(Di, D 2 ) whenever 
Ti 6 ©pj,oo(Di,Do), T 2 e ©p,,oo(Do, D 2 ) and | ^ -h Notice that if p < q then ©p_oo(Di,D 2 ) c ©^(Di,D 2 ), where 

&q{H\,H 2 ) denotes the Schatten-von Neumann ideal of compact operator with q'-summable singular values; in particular 
T e Gp,ooiHi, H 2 ) is trace class whenever p < 1. 

Lemma 4.10. Let © satisfy (14.81) . Then 

O' ejj(An,0) = cr (A). 
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Proof. Here we follow the same kind of reasonings as in the|)roof of ifTH Lemma 4.7]. The operator (0 + e 

B(ran(n), ran(n')) is closed as an operator from ran(n) into //'J (T) ffi H (T), hence, since ran((0 + HM^H')”*) = dom(0) c 

(T), it is also closed as an operator from ran(n) into (T)®W^ (T), which implies that it belongs to B(ran(n), (T)® 
Denoting by the compact embedding of H^{T) into IP^iY), r < i, by 

(0 + HM^n'r^ = + HM^n')’*, 


one gets (0 + HM^H')^* e Goo(ran(n),ran(n')). Thus, by (14.71) . the resolvent difference (-An.e + z)“* - {-A + belongs 
to Goo(L^(R”)) and so = (TessiA) by Weyl’s theorem on the preservation of the essential spectrum under compact 

resolvent perturbations (see e.g. 11651 Theorem 8.12]). 

□ 


The next result applies to all the self-adjoint extensions give n in Corollary 14.91 (and so to all the operators considered in 
Section 5). In the proof we follow the same arguments as in IS-Sll and in. 

Theorem 4.11. Suppose that T is smooth. //'dom(0) c //^‘(T) ffi TT'^jT) with 

. ( 3 n 

s = mint Si -H -, S 2 -H - 1 > 2 , 


then for any integer k> \ and for any z 6 p(A) (~i p(An, 0 ) one has 

(-An .0 + z)-' - (-A + z)-' e 6 ^ . 

2(k-l)-l-,5 ’ 


(4.9) 


Proof. Given Zo 6 C\IR, Re(zo) > do, let 


B (t(-A -h Zo)"‘)'n'(0 -H nM,„n')^‘ 


and 


C HtC-A -h Zo)"‘ , 


I that, by (14.71 ). 


(-An ,0 + Zo)^‘ - (-A Zo)-' = BC. 

By (|3T8T ). one has (-A H- Zo)-''"^*’ e B(LHW), and so t(-A h- Zo)-''”^*’ has range in (T) ffi Then, 

(-A-hzc)-^'"^'^ e 6,^^(L^(R"),//i(r)ffi//J(r)) 


by 111 IL Lemma 4.7], 
and so 


C(-A -H zc)-” e ^(L2(]R«),ran(n)). 

2m ’ 

By duality, that also gives 

(-A Zc)-'"(t(-A Zo)-')'n = (HtC-A -h Zo)-'"'^'’)' oo(ran(n'), . 


(4.10) 


Since (0 -i- HM^^Il') ‘ e B(ran(n), ran(n')) and its range is contained in H^' (T) ffi by llll Lemma 4.7], one gets 


(0nM^„n')-' e 6»^^(ran(n),H-nr)ffi//-5(r)), 


and so, by (14.101 ). 


(-A -H Zo)-'"B 6 6^ oo(ran(n), lHR")) . 


The proof is then concluded by 0121 Lemma 2.3]. 


□ 


Next we provide a version of Theorem l4.11 1 which applies to the case where the self-adjoint operator 0 is defined through 
the associated sesquilinear form. In particular the next results apply to all the operators considered in Section 6. 
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Theorem 4.12. Suppose that Y is smooth. Let f be the sesquilinear form associated to the self-adjoint operator in ran(n) 
defined by @ 0(A^ © A); i/dom(/) c H^' (F) © H^^(Y) with 




= min 



> 1, 


then for any integer k > \ and for any z e p(A) fi piAu.e) one has 

(-An ,0 + zr'‘ - (-A + z)-' e oo(-L'(K")) • 

2(k— l)+2,s» ’ 


(4.11) 


Proof According to our assumptions, 

dom(0) = (A^ © A)dom(0) c (A^ © A)dom(/) c h (F) © m (F). 


Therefore hypothesis (14.8b holds and so, by Lemma 14.101 cr(,jj(An,0) = crgjs(A) c (-oo, ||ynj.g||oo]. Thus there exists A e 
p(A)np(An,0)n]R and so, by (14.7b . the operator 0+nM,iFI is self-adjoint and has a bounded inverse (0-1-114^^11)“' e B(ran(n)) 
(here := MfiAf © A)). Let 

0 -I- nM^ill = t710 -I- FTMilll 

be the polar decomposition of 0 + nM^ll (see e.g. ll^ Section 7, Chapter VI]). Since © -i- flM^ll is self-adjoint and injective, 
U is self-adjoint and unitary. Then 


(0-HnM,,n)“' = |0-HnM,,nr'i7 = |0 + nMinr5|0-HnM,inr5i/. 

Since |0 + flM^n|“5 is bounded and commutes with © -i- flM^ll, by Lemma 2.37, Chapter VI], it commutes with U. 
Therefore 

(0 + nMin)“' = |0 -H OM^nr j l 10 + nM^nr^ 


and so, by (14.7b . 


(-An .0 + T)-'- (-A + T)-' =BC, 


where 

B = (t(-a + T)-')*n |0 -H nM,,nr5, c ^ ub * . 
Since llM^Fl is bounded, dom(/) = dom(|0|2) = dom(|0 + F1M^F1|5) and so 


ran(|0 + nM^np^) C //">(F) ©//"^(F). 

Therefore, by nil Lemma 4.7], one gets 


Then, by (14.10b . 


and 


I© -H YlMxYVn e oo(ran(n), m{Y) © miX)). 


(-A Ay^B 6 6 ^ oc(ran(n), L^(K")). 


C(-A + A)-'” e 6 ^ ^(L2(R"),ran(n)). 


The proof is then concluded by 11121 Lemma 2.3]. □ 

Corollary 4.13. Let F be smooth and let 0 satisfy the same hypotheses as either in Theorem \4.1 B or in Theorem \4.12\ Then 

O-fle(An,0) = o-ac(A) 


and the wave operators 


WfyAn,@,A) = s- lim e-''^" V''^P„,(A), 

f--^±CO 

WdA,An.&) = s- lim e-‘'^e“^^-^PyAn,@) 

f—»±oo 


exist and are complete, i.e. the limits exist everywhere and the ranges coincide with with the absolutely continuous subspaces. 
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Proof. By either Theorem l4.11l or Theorem l4.12l for k large enough, the resolvent difference (-Ai-^ ^ -l n k 


in.e + 4) ^ — {-A + d) "is 

trace class; so, by the Birman-Kato criterion (see II49L Theorem 4.8, Chapter X]), one obtains the existence and completeness 
of the wave operators; thus crac(An, 0 ) = CTadA). □ 


Remark 4.14. In the case A < 0 and An,© < 0, by Corollary 14 .13 1 and 11481 Sections 8 and 9], one also gets the existence and 
completeness of wave operators for the pairs of wave equations - An,&u and - Au. 

Remark 4.15. Under additional hypotheses on the behavior at infinity of the coefficients of A, the spectral results in Lemma 
14.101 and Corollarv l4.13l can be specified. Let us suppose that 

atjix) = a°. + bij{x ), bijix) = 0{ll\\x\f ), (4.12) 

d,MAx)^0{\l\\x\f), V{x)^0(\l\\x\f), (4.13) 

for some 6 > 1, as ||.r|| —> +oo. Let Ao be the differential operator with constant coefficients 

A„ : c L^(R") ^ A^m = ^ ■ 

l<ij<n 

One has cr(Ao) = cTadAo) = cr^ssiAo) — (-oo, 0]. Since, by 10, Theorem 5.3], crgij(A) = crgjj(Ao) and, by |^, Theorem 2.1], 
145, Chapter XIV], cXadA) = cTad-do), Lemma l4.10l and Corollary 14.131 give 

cr^.9s(An,0) = o-adAn.®) = (- 0 °, 0]. 


5. Applications: boundary conditions on F. 

Using the scheme provided by Theorem l4.4l and Corollary 14.91 we next give the construction of some standard models of 
elliptic operators with boundary conditions on T, the boundary of a bounded domain Q. of class C*’*. 


5.7. Dirichlet boundary conditions. 

Let us consider the self-adjoint extension Ao corresponding to Dirichlet boundary conditions on the whole T; it is given 
by the direct sum Ao - A® © A^, where the self-adjoint operators A£ are defined by A£ := A|dom(Af), dom(Af) = {m± e 
/7^(Q±) : ■yQM± = 0]. Since 

dom(A?) © dom(Aj) -{u = © m+ e © //^(Q+) : [yo\u - 0, jqu - 0] 

={m e H^W) n 77^(IR"\r) ; you = 0], 

that corresponds, in Corollarv l4.9l to the choice 11 = III, where 0©O, and B@ - 0, i.e. (-Qo<p)®0, 

where @0 is the (necessarily self-adjoint, by Lemma lLhl l operator 

@D = roSL : 7/j(r) c 77-i(r) ^ /7i(r). (5.1) 


Thus 

and, for any z e p(A) n p(A^) n p(A+), 


(A^ © A®)m = Au - [yi]u6r 


(-(A? e A") + z)-' =(-A + z)-' - SL,(roSL,)-Vo(-A + z)'". 


(5.2) 


Let z e p(A) np(A^) np(Aj), so that, by (O, (yoSL-)-' e 8(7/5 (F), 7/5(0). Given ip e 775(F), let us define f := (yoSL^’V 
and M± SL^^. Then A™“m± - zu± and y^u^ - ip and so one gets u± - Kfip, where Kf e B(77^(F), dom(A™“)), s > - 5 , is 
the Poisson operator which solves the Dirichlet boundary value problem 


f(Ar’‘-z)7:f^ = 0 

To Kf one associates the Dirichlet-to-Neumann operator PJ e B(77*(r), 77' *(F)), s > - 5 , defined by Pf yfKf. Thus, 
since [yi]SLj(/i = -f, one has 


Therefore, by (15.21) . 


Vz e p(A) n p(A?) n p(A"), (yoSL,)-' = P; - P+ . 

(_(A« © A?) + z)-' = (-A + z)-' - SL,(P; - P,^)yo(-A + z)"'. 


(5.4) 
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5.2. Neumann boundary conditions. 

Let us consider the self-adjoint extension Af^ corresponding to Neumann boundary conditions on the whole F; it is given 
by the direct sum - A^ © where the self-adjoint operators A^ are defined by A^ := A|dom(A^), dom(A^) = {m± e 
//^(Q±): yfui = 0}. Since 


dom(A^) © dom(A'^) = {m e //2(R"\r) ; [yijM = 0, nw = 0), 

that corresponds, in Corollary 14.91 to the choice If = 02, where Yl2{4>®v) 0 ©i/j, and B© = 0, i.e. @{(p®ip) := O©(-0a^<^), 

where ©at is the (necessarily self-adjoint, by Lemma lZCt operator 

©^ = riDL ; HHY) c i/4(r) ^ HHT) . (5.5) 


Thus 


and, for any z e p(A) n p(A^) n p(A^) 


{A^®A^)u - Au- [yo]uda6r, 


(-(A'v © + z)-' ^-A + z)-' - D4(7 iDL,)-Vi(-A + z)-'. 


(5.6) 


Letz ep(A)np(A^)np(A^), sothat,by(Il6ll,(riDL-)-' e B(//5(r),//-5(r)). Given 0 e //i (F), let us define (yiDLJ-V 

and u± Sh^(p. Then A™“m± - zu± and yfu± = 0 and so one gets u± - K^4>, where e B(//*(F), dom(A™“)), s > 
solves the boundary value problem 

|(Amax_z)^±^^0 

To Kf one associates the Neumann-to-Dirichlet operator Qf e B(//'(F),//'"^'(F)), i > defined by Qf y^Kf. Thus, 
since [yolDL^i^ = ip, one has 

Vz e p(A) n p(A^) n p(Ai'), (riDL,)-' = - Q- . (5.7) 


Therefore, by (15.61) . 


© A^) + z)-' = (-A + z)-' + DL,(e; - e,^)ri(-A + z)-‘. 


5.3. Robin boundary conditions. 

Let us consider the linear operator A* corresponding to Robin boundary conditions on the whole F; it is given by the 
direct sum Ar = A* ©A*, where 

Af ;= A|dom(Af), dom(Af) = {m± e dom(A™“) : yf m± = b± y^u^}. 


We suppose that b+ £ M 2 (F) and that the functions b± are real-valued. Hence the operators Af are self-adjoint and dom(Ap c 
H^{Q.±) (use e.g 1411 Theorem 11]). In case b+{x) + b-(x) for a.e. 2 c e F, the domain of A* ©A* represents as 


dom(A* ©A*) - {u e H^(R"\r) : yfu± - b±yQU±} 

■■ iu e //^(R"\F) : (b+ - b-)you = [yi]M - ]^{b+ + fi-)[ro]M, {b+ - bJ)yiu = i(fi+ + fi-)[yi]M - fi+fi_[yo]M| . (5.8) 


Then, according to Corollary 14.91 the self-adjoint operator A^ © A^ corresponds to the choice H = 1 and B© = Br, where 


provided that the operator 


1 

1 

(b) 

~W\ 

{b) b+b- 

© = - 

&R, 

©«: = 


l/[fi]+yoSL <fi)/[fi]+yoDL 
(fi)/[fi]+yiSL fi+fi_/[fi]+yiDL 


(5.9) 


(5.10) 


is self-adjoint. This follows by the next lemma: 


19 







Lemma 5.1. Ifb± e M 2 (r) are real valued and \l[b] E L“(r), then 

®R : m (F) X m (F) c (F) ® m (F) ® m (F) 


is self-adjoint. 

Proof. @R is a well-defined linear operator by (13.26b and (13.27b . By (15.10b and (15.8b . setting Uo u SL[ 7 i]m - DL[yo]M, 
one has 


\u e H^(W\r) : (-[yi]u) ® [yo]u e dom(0^), yoWo ®riMo = -©R((-[ri]M) ® [yolw)) 
= {« e //2(R«\F) : you = {[yi]u - {b}[yo]u)/[b], yiu = miyih - b^bAyo]u)/[b]] 
=dom(A* ® A*). 


Since ® is self-adjoint, 0^ is self-adjoint by Lemma [2^ □ 

Remark 5.2. By Green’s formula and Ehrling’s lemma (here we procede as in the proof of ifl^ Proposition 3.15]) one has, 
for 6 > 0 sufficiently small and j < s < I, 

>Co||Vm±||^2(q^j “ ll^±llL°“(r)ll^±ll/f.5(Q^) 

— ^o||Vi/±||^2j'Q^^ “ ^ ll^±llL“(r)ll^±ll//l('Q^^ “ ll^±llL'^(r)ll^±ll^2(-Q^J 

ll“±llL2(n*) • 


Thus A* ® A* is semibounded. 

According to Lemma ISTl the Corollary 14. Ol applies and we get 


(Af ®A*)m = Am - — {({b}yiu-b+b-you)6r + (yiM - {b)you)daSr) ■ 


Moroever, for any z e p(A) n piA’j) n p{Af), 


(-(A! ® A") -H z)-'m = (-A -H z)-'m - Gj 


l/[Z7]+yoSL, 

0)/[Z7]+r,SL, 


{b)l[b]+yoDU ■ 

-1 

yo{-A + z) 'm 

b^b^l[b]+y,DU 


yi(-A +z)''m 


where G^ is defined in (14.2b . Let us notice that the case in which one has the same Robin boundary conditions on both sides 
of F corresponds to the choice b+ = b - -b-. Thus in this case one has 


and 


(A* ® A*)m - Au- Ibyoudr - {2lb)yiudaSr 


(-(A* ©A*) + z)^‘m = (-A -H z)-'m - G, 


1/(217) + roSL, 

roDLj. 

-I 

yo(-24 +z) *M 

riSL, 

-bl2 - 1 - yiDLj 


yi(-A +z)^‘m 


5.4. 6-interactions. 

LetFl((^®^) = ni(0®i^) := 0®O and 0(0®i/j) = (-0q,,o)(^®O, where 0 q,_o l/a-i-@D - 1 /a+ 70 SL is the compression 
to ran(Fti) of 0 r (here we consider the case b+ - -b- - a/2). This gives the boundary condition ayou - [yi]u and so one 
obtains the self-adjoint extensions usually called ’’(^-interactions on F” (see 11211 . Il5|] and references therein). In order to 
apply Corollary 14. 9l we need the following 


Lemma 5.3. If a e Mi (F) is real valued and 1/a e L”(F), then @a,D ■ (F) c // i (F) ^ Hi (F) is self-adjoint. 
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Proof. By 1/a e M 2 (r), the linear operator (1/a) : c // 5(r) —> // 2 (r) is well-defined; by a e M5(r) it is not 

difficult to check that it is self-adjoint. By (13.261) . yoSLa £ (F), (F)). Thus, by (13.21) . for any e > 0, 


||roSL0||^3^^^ =||roSLa(l/a).^||^3^^^ < c||(l/a)0||^. 

<c6||(l/a)0||^3^^^+c,||(l/a)0||^_3^^^ 

<c (e||(l/a)0||^3^^^ + c,||0||^_3^^J 

1 3 3 

and so the self-adjoint operator yoSL : H^{T) c H ^{T) is infinitesimally (1/a)-bounded. The proof is then 

concluded by ll^ Corollary 1]. □ 

Therefore, by Corollary 14. 9l one gets the self-adjoint extension 

u - Au — ayou (5r, 

domjAQ,,^) := {u £ H\R") (~i H^(R"\r) : ajQU - [j{\u). 

By (02]) and (El, its resolvent is given by 

(-A „,5 + z)-' = (-A + z)-' - SL,((l/a) + roSL,)-Vo(-A + z)"' 

=(-A + z)-‘ - SL,(B; - P^^){a + PI - P^r^ay^i-A + z)-' . 


5.5. 6'-interactions. 

Let ® ip) - Yl 2 {<P ® 0 ffi !,£) and 0(0 © (,o) = 0 ffi {-Qp^f^ip), where <dp^N -^IP + ®n - -l/y6 + TiDL is the 

compression to ran(Fl 2 ) of 0* (here we consider the case b+ - -h_ = 2/yS). This gives the boundary condition Py\u = [yolw 
and so one obtains the self-adjoint extensions usually called ”5'-interactions on F” (see ifH and references therein). In order 
to apply Corollary 14. 9l we need the following 

Lemma 5.4. Ifp £ M5(F) is real valued and 1//? £ U“{Y), then £ H ^^^(0 is self-adjoint. 

Proof. By (13.301) . one has (yiDL) * £ B(// 5 (F), H^- (F)). Thus, by (13.2b and (13.27b . one gets, for any e > 0, 

=ll(l/y6)(fiDL)-'yiDL^||^.^^^ < c||yiDL^||^_. 

<ce||yiDL(,t)||^i H-Cf ||yiDL(^||^_3^^^ 

and so the operator (1/yS) : //i(F) c // J(F) —» (F) is infinitesimally yiDL-bounded. Since yiDL ; //J(F) c // J(F) 

7 /2 (F) is self-adjoint, the proof is then concluded by 1431 Corollary 1]. □ 

Therefore, by Corollary 14. 9l one gets the self-adjoint extension 

A/3,<5'M - Au- Pyiudadr , 

dom(A^,50 {u £ //^(K"\F) : [yi]M = 0, ySyiM = [yolu}. 

By (02]) and (El . its resolvent is given by 

(-Ap,s’ + z)-' = (-A + z)-' + D4((l/;6) - yiDL,)-Vi(-A + z)"* 

=(-A + z)-' + DL,(e+ - Qj)(-p + - 2p-i^yi(-A + z)-‘. 
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6. Applications: boundary conditions on S c F. 


Using the scheme provided by Theorem 14.41 we next give the construction of some models of elliptic operators with 
boundary conditions on a relatively open part S c F of class C*’ *. In such cases we need more regularity hypotheses on 
Q (with respect to the ones used in the previous section); these are needed in the proofs, in order that Sobolev spaces of 
appropriate order can be properly dehned. 

6.1. Dirichlet boundary conditions. 

Given S c F relatively open of class we denote by Ilj; the orthogonal projector in the Hilbert space //J(F) such that 

3 _ _3 

ran(n£) = By (13.41) . ran(n 2 ) = where H^ = is the dual projection. In the following, we also use 

the identihcations ^ (E) and (E)' ^ (F). We denote the orthogonal projection from (F) onto (E) by 

R^-, it can be identihed with the restriction map R^, : H^{Y) /f*(E), (t>\^ (see the end of Subsection l3.1l) . 

Theorem 6.1. Let Q be of class then 

©D.E : dom(0/5j:) c //_^(F) —» H^iY) , f^EyoSLH^^ s (yoSL0)|E, 

dom(©£,,j;) := {f e ■ (roSL0)|E e HHY)] 

is self-adjoint. 

Proof. Let fo be the densely defined sesquilinear form in the Hilbert space (F) 

fo : X c //5(F) x //5(F) ^ K 

foifufi) := (AVi,roSLAV 2 >_i,i = (yoSLAVi,A^(^ 2 >>-i ■ 

By (iTiQli . 

foif, f) > Co IIAVII^ 1 = Co ll<^ll^5/2(r) 

and so fo is strictly positive and closed. Since, for any (p\ e //^^^(F) and for any 02 £ ^f^^^(r), 

fDi(f>i,f 2 ) = (A5yoSLAVi,A5 02 , >L 2 (r) = <roSLAVi, 02 >^ 3 ^j,^, 
fo is the sesquilinear form associated with the self-adjoint operator in Hi (F) dehned by 

0D roSLA^ ; c //5(F) ^ //5(F). 

The domain 

dom(/o) n ran(nj:) = H^'^iY) n //|(F)-" = H^'^iYj n = A^^//_^(F) 

_3 

is dense in (F), and we can use Lemma I tTI to determine the positive self-adjoint operator Qo.i. in ran(n 5 :) associated 

to the restriction of fo to ran(n 2 ;). Then 

0 / 2 ,S U 5 ; 0 £i, 5 ;A ^ , dom( 022 ,i;) := A^dom( 0 £) 5 ;) , 

is self-adjoint, where the map UijHx^) = 0|E provides the unitary isomorphism HffY)^ ^ (E). To conclude the proof we 

need to determine the operator ©o (© 72 )“ and the subspace (we refer to the Appendix for the notations). Let Ho 

be the Hilbert space given by dom(/o) = //^^^(F) endowed with the scalar product (0i, 02 )d := /z 2 ( 0 i, 02 ); let //jj denote its 
dual space. Since 

/z 2 ( 0 i, 02 ) = (yoSLA^ 0 i, A^ 02 )^ _i = {A5')/oSLA^0i, A^^^ 02 >l 2 (p) , 

one has 

//;, = m (F), <^, = <A5A5/2^>^2(r) 

0Z2 : H^^\Y) ^ //5 (F), ©22 = roSLA^ . 
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and 




Moreover 


Ky, ^{ip e //J(r); V<^ e = 0) 

e //5(r); V<^ e //-'(O, (A^i^, A5,^)i2(r) = 0} 

={^e//j(r): V^e//‘^(r), <^,^>_.,i -0) 

=4(0- 

Therefore, by Lemma lTn &dx is self-adjoint on the domain 

dom(©£),j;) := [(p e : 3^ 6 ran(n 5 ;) s.t. yoSLA^^ - ^ e H^,(T)] 

and &DX^ - 0- Then U2(0 d, 5;A"^(^) = = (•yoSL(;i)|S and 

dom(0£),j;) -{^ e H-^ (T) : 3^ e ran(n 5 ;) s.t. 7 oSL(^ - 0 6 //|,(r)) 
c{0 e 4(0 : (roSL<^)|5; e//i(E)} 

Q\4> e (O : 3^ 6 ran(n5;) s.t. (yoSL^jP = 0|S} 

-[(j) e (O : 3^ e ran(nj;) s.t. 'yoSL(^ -06 //£,(0) = dom(0o_j;). 

□ 


Corollary 6.2. TTze linear operator in 0(]R") defined by ■- (A'"“ ffi A™“)|dom(Aoj;), where 

dom(Az,, 2 ) ={m 6 //'(K") n (dom(A”“) © dom(A”“)) : [yi]u e dom(0z,,j;), (you)\I. = 0} 
c{u 6 H^W) n (dom(A”“) © dom(A”“)) : (Tqm)| 5: = 0, ([f i]m)I^ = 0}, 
is self-adjoint and its resolvent is given by 

(-Adx + zY' H-A + z)^' - son^(f;2roSOn9-'f;2ro(-A + z)-‘, 

— - 3 

where Rj, is the restriction operator — (p\L and fl^ acts there as the inclusion map 11^ ; (O ^ H 

Proof. By Theorem l6.1l and Theorem l4.41 taking Yi{(p®(p) - n£0©O and 0(0©O = (-U2'0z),i;0)®O one gets the self-adjoint 
extension (A™™ © A™“)|dom(A£)j;) with domain (contained in //*(R”\0 by dom(0o_x) C H ^(O and Remark l4~7l l. 

dom(AB,5;) 

={m 6 i3'(R"\0 n (dom(A™’') © dom(A”“)) : [yolw = 0, [yi]u 6 dom(0o,£), nY.yQ{u + SL[yi]M) = Uj;'0z,,i;[ri]M} 

={m 6 H\W) n (dom(A”“) © dom(A”“)) : [yi]M 6 dom(©o,j;), {you)\I. + (yoSL[7i]M)|2 = ( 7 oSL[yi]M)|S} 

={m 6 H\W) n (dom(A““) © dom(A”“)) : [yijM 6 dom(0o,j;), (you)\I. = 0}. 

The formula giving (-A^x + z)~* is consequence of (14.71) . since 

(-u^‘©D,E + n2ro(SL - SL-jn^-'n^ = (-0^,^ + Rsro(SL - sojn^-'R^ 

and 

-&D.i.<P + ^2;ro(SL - SL.)0 = -yoSL0|2 + 7oSL0|S - yoSO0|S = -7oSL-0|2, 

□ 


Remark 6.3. Since supp([7i]M) c 2 for any u e dom(A£)_x), one has [yilw 5r = [yi]u thus 

Ad,i.u — Au — [yi]ud-^ 

and so (Aoj;m)|2 = (Am)| 2 . This also shows that Aox is a self-adjoint extension of the symmetric operator A|C^jjjp(K"\0- 
Hence it depends only on 2 and not on the whole T: one would obtain the same operator by considering any other bounded 
domain Q.o with boundary To such that 2 c To. 
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Remark 6.4. According to the definition of dom(0oj;), the Lemma lASl applies and one gets 

dom(Az,, 5 ;) c H^(W'\(L U (52)0) ■ 

Remark 6.5. By the results contained in the proof of Theorem l 6 .ll for the domain of the sesquilinear form fox associated to 
the self-adjoint operator Qox one has the relation dom{fox) £ Therefore Theorem l4.12l applies and so, by Corollary 

14.131 (TaciAox) - o'aciA) and the wave operators W±{Aox^A), W±(A,Aox) exist and are complete. 

Remark 6.6. In case n = 3 and both T and 2 are smooth, by S Theorem 2.4], one has that 

(yoSL0)|2 e //•'+'(2) ^ fe HliT ), -1 < s < 0. (6.1) 

Therefore dom(0o^) c H^(r), -5 < s < 0, and so, by Remark l4~7] and (13.111) . 

dom(A£)j:) c . 


6.2. Neumann boundary conditions. 

Given 2 c T relatively open of class C** *, here we denote by Ilj; the orthogonal projector in the Hilbert space (T) such 

_ 1 

thatranjHs) = //|,(r)-". By dMl, ran(n^) = HJ(Y\ where H^ = AH^A ^ is the dual projection. In the following, we also 

i 1 1^ -1 11 

use the identifications //|^(r)-‘- ^ (2) and — //-^(T). We denote the orthogonal projection from H^(X) onto H~- (2) 

by R^-, it can be identified with the restriction map : H^{Y) HfL), R^.^ 0|2 (see the end of Subsection l3.1l) . 

Similarly to Example l6.1l one has the following 

Theorem 6.7. Let Q be of class C^*, then 

&NX ■ dom(0Ar,i;) £ H--(r) —» , ©f^x = ('yiDLy?)|2, 

dom( 0 ^.£) {ip e //|(r): (riDL ^)|2 e //^(S)), 

is self-adjoint. 

Proof. Let fy be the densely defined sesquilinear form in the Hilbert space (T) 

fy : HHT) X //i(r) c m{Y) X HHY) R 
fN{<P\,^2) (fiDLA(,oi, A9J2 >-i,i ■ 

By dlAOli . 

-fN{ip,(p) > Cl ||A(,o||| = Cl 

and so is strictly negative and closed. Since, for any ip\ e H^^^{Y) and for any ((>2 £ ^f^(r). 

fN{if>u<P2) = <A^iDLA(/)i,A2^2,>LAr) = (TiDLA^i, (/J2)^i , 

fy is the sesquilinear form associated with the self-adjoint operator 

®N fiDLA : H^'^IY) c //5(r) ^ m(Y). 


Since 

dom(/A,) n ranjHj;) = //i(r) n HlXY)^ = //5(r) n A^'//_^(r) = A^'//|(r) 

_ 1 _ 

is dense in K~^H--{Y), we can use Lemma 17711 to determine the positive self-adjoint operator @t^x ranjHj;) associated to 
the restriction of Jn to ranjHj;). Then 

©Af.E * > dom(0^_5;) Adom(0Ar_5;) , 
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i ] 

is self-adjoint, where the map U 5 ;(n£)(,c) = provides the unitary isomorphism ^ (L). To conclude the proof we 

need to determine the operator ©at {SnY and the subspace (we refer to the Appendix for the notations). Let 

be the Hilbert space given by dom(/Af) = (L) endowed with the scalar product {<pi,(p 2 }N : = -fwivi, (fi)', let H'^ denote its 

dual space. Since 

_ 1 3 

fNiipi,‘P2) = (riDLA(,c)i, Avp2)_i,i = <A ^fiDLAtpi, (f2)L2(r) ^ 


one has 


H'n - H 2(r), 


and 

&N ■ hUt) H-HT), &N = riDLA. 


Moreover 


={<f> e h Ht) : V(^ 6 A-'//|(r), <A-J0, Ai<^>A2(r) = 0} 
={(^ e h Ht) : e //|(r), (A’^, Ai^>A2(r) = 0) 

={(^ e H HT): Vtp e Hl(r), {(f>, (,o>_ i _i = 0} 

=H^(r). 


Therefore, by Lemma 5.1, &nx is self-adjoint on the domain 

dom( 0 iv, 5 ;) := {if e A“'//i(r): 3(p e ran(n 5 ;) s.t.'yiDLA(,c - ip e H^p(r)] 
and QmxV ■- V- Then = ('yiDL(,o)|Z and 

dom(©Ar_j;) —{ip e H1{T) : 3ip e ranjH^) s.t. jiDLp - ip e //^./(r)} 

c{^ 6//|(r): (riDL^)IS e//^(S)) 

Q{p e Hl(r) : 3(p e ranjHj;) s.t. (7iDL(/3)|S = ^|Z) 

-{p e Hl{r) : 3p e ranjH^) s.t. y\\3hp - p e i/j,/(r)} = dom(0Af^) 


Corollary 6.8. The linear operator in L^(]R") defined by := (A™“ ffi A™“)|dom(Aiv, 2 ), where 

dom(AAr, 2 ) ={m e H\R"\T.) n (dom(A”“) ® dom(A”“)) : [yo]u 6 dom(©Ar,j;), [yijM = 0, (fiM)|2 = 0} 
c{u e HfW\L) n (dom(A““) ® dom(A”“)) : (rfM)|2 = 0, ([rilw)!^ = 0), 


□ 


is self-adjoint and its resolvent is given by 

(-Anx + z)-' = (-A + z)-' - DL,n^(/;£riDL,n9-'f;2ri(-24 + z)^', 


— — 1 

where R^: is the restriction operator R- 2 ,p — p\^ and H^ acts there as the inclusion map H^ : //_- (T) —> H ^ (T). 

Proof. By Theorem l6.1l and Theorem l4.4l taking Y\{(j)®p) - 0®n£^ and ©{(p^p) = 0®)-!/^'©^,!;^?), one gets the self-adjoint 
extension (A™’^ ® A™“)|dom(AA^,i;) with domain (contained in //'(]R"\r) by dom(©iv, 5 ;) £ h'^ (L) and Remark l477]) . 


dom(AAr,2;) 

={m e HfW\r) n (dom(A”“) ® dom(A”“)) : [yolw e dom(©A,,j;), [yi]M = 0, n 5 ;yi(M - DL[yoM]) = -U^^&nxMu] 

={m e H\m."\E) n (dom(A”“) ® dom(A”“)) : [yo]M 6 dom(©A,,j;), [yi]u = 0, {jiu)\L - (yiDL[yoM])|S = -(yiDL[yoM])|S} 

={m e n (dom(A”“) ffi dom(A”“)) : [yo]M e dom(©A,, 5 ;), [yijw = 0, (yiM)|2 = 0}. 
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The formula giving (-A^x + z) * is consequence of (I4.71 i. since 


+ nj;7i(DL - D4)n9-‘nj; = (-@Mx + ^irKDL - DL,)n^)-^R^ 


and 

-©NX'P + f^2;ri(DL - DLj)(^ = -(7iDL95)|S + {yiDhip)\I. - (yiDLj^)|S = -(7 iDLj95)|S . 


□ 


Remark 6.9. Since supp([7o]M) £ 2 for any u e dom(AAf,2;), one has [70]« — [70]« dgS-^', thus 


Anxu — Au - [jo]u daS^ 


and so (Af^x'^)\^ - (Au)\Y. . This also shows that A^x is a self-adjoint extension of the symmetric operator A|C^jjjp(K"\2). 
Hence it depends only on 2 and not on the whole T; one would obtain the same operator by considering any other bounded 
domain Qo with boundary To such that 2 c To. 

Remark 6.10. According to the definition of dom(©A^j;). the Lemma |4~8] applies and one gets 

dom(AA,,5;) c u (52)0). 

Remark 6.11. By the results contained in the proof of Theorem l6.7l for the domain of the sesquilinear form f^x associated to 
the self-adjoint operator @f^x ons has the relation dom(/;v,5;) £ ni (T). Therefore Theorem l4. 121 applies and so, by Corollary 
14.131 (TaciAi^x) - (^ac{A) and the wave operators VLt(AA^,i;, A), W±{A,At^x) exist and are complete. 

Remark 6.12. In case n - 3 and both T and 2 are smooth, by lEl Theorem 2.4], one has that 

(7iDL 0)|2 e 4> e Hl(r ), 0 < i < 1, (6.2) 

Therefore dom(0Afj;) c H^T), 5 < i < 1, and so, by Remark l4~7l and (13.131 1. 

dom(AAr_2) £ . 


6.3. Robin boundary conditions. 

Given 2 c T relatively open of class C** ', here we denote by H® the orthogonal projector in the Hilbert space (T) ffi 
7/1 (T) such that ran(n|) = //|(r)-" © By ((Mil, ran((n®)') = A-^h3{T) e A-'//£^(r), where (H®)' = (A^ e 

I i 3 j 

A)n®(A“^ ffi A“') is the dual projection. In the following, we also use the identifications //|^(r)'’' ©7/|r(r)-‘- ^ (2)ffi//2 (2) 

and (//5 (2) ffi (2))' ^ ffi We denote the orthogonal projection from (T) ffi (T) onto 7/5 (£) ffi 775 (2) 

by R®; it can be identified with the restriction map 7?® : 77*'(T) ffi 77*"(T) —> 77*'(2) ffi 77*"(2), R®(0 (0|2) ffi (i,c)|2) (see 

the end of Subsection l3.1l l. 

Theorem 6.13. Let Q. be of class and let b± e MJ (T) be real valued and l/[7'] e /.“(T) be negative. Then 

Qrx ■■ dom(0^,£) c 77-^ (T) ffi //-^(T) ^ 77^(2) ffi 775(2), 




(n®)'(0,^) 


1/[5]+7oSL <5)/[5]+7oDL 

(5)/[5]+7iSL 5+5-/[5]+7,DL 

=(((i/[^] + 7 osl)0 + mm + 7odl)^)| 2) ffi amm + 7iSL)<^ + {bmm 


•7iDL)^)|2), 


domi@Rx) e 4^^) x H1{T) : {{l/[b] + yoSL)f + «5)/[5] + 7oDL)^)|2 6 7/5(2), 

(mm + 7iSL)0 + (bmm + 7iDL)^)| 2 e 7/5(2)) 


is self-adjoint. 


26 










~ 3 1 

Proof. Let 0* be the self-adjoint operator in H~- (F) ffi (F) 

0« := 0«(A^ ® A) ; x c //i(F) ffi //5(r) ^ //t(F) ffi m{T). 

Since yoSL A^ is infinitesimally ( 1 /[Z 7 ])A^-bounded (proceed as in the proof of Lemma 15.31 l and b+b^l{b\A is infinitesimally 
(yiSL A)-bounded (proceed as in the proof of Lemma 15.41) . by {b} < 0 and (13.301) respectively, both {ll{b} + yoSL)A^ and 
{b+b-l{b} + yiDL)A are upper bounded. Let d, be a common strict upper bound; by the Frobenius-Schur factorization of the 
block operator matrix ©* (see e.g. Theorem 2.2.18]), there exists Ajf > d, such that -0* d* > 0 whenever 

- Hm + yoSL)A3 ^ + %Y)Y)K{-{b^bJ[b] + yiDL)A + ARr\{b)l[b] + yiSL)A3 _ 3 ^ 

Since 

((-(1/M + roSL)A3 + d«)0,0) 3 > (dfi - d.) 11,^11^ 3 

(r) HI (F) 

and 


{mm + %lAY)A{-{bmi{b] + yiODA + Anr\{b)m + riSL)AV, 

^{{-{bmm + riDL)A + d«)-'(M/M + yiSL)AV, ((^>/M + yiSL)AV>^. 

<||(-(fo+fo-/M+y,DL)A + d.)-'|| . 3 ||«Z 7 )/[/ 7 ]+yiSL)A 5 1|2 , ||0||2 3 , 

H T(r),Hi(r) L2(r),H“i(r) Hi(r) 

the operator inequality (16.31 ) holds true by taking Ar sufficiently large. Let fa be the densely defined, semibounded, closed 
sesquilinear form associated with ©«, i.e. 

fn : (//^(F)x//5(r))x(//^(F)x//5(r)) c(//5(r)ffi//i(F))x(//5(r)ffi//i(F)) 


fRm,V\),mV 2 y) ;=((1/M -HyoSL)AVi +«^>/M H-yoDL)A^i,AV 2 >L 2 (r) 

+<«^>/M + f iSL)AVi + (^+fe-/M + riDL)A^i, A^2>-., 1 . 

Since//2(F)n//|(F)-" = {Y) = A-2Ll(F)isdensein ^ //i(F)nA-'//L 2 (p) ^ 

I 

A '//i(F) is dense in A (F), we can use Lemma I tTI to determine the semibounded self-adjoint operator 0 rj; in ran(Fl|) 

associated to the restriction of /« to ran(Fl®). Then 

©R.L •— ib^0Rj,(A ^ ffi A ^), dom(0s,5;) (A^ ffi A)dom(©s_5;) > 


3 I 

is self-adjoint, where the map f/®Fl®((^ ffi i/j) = (0|2) ffi (^|£) provides the unitary isomorphism (N^^(Y)-‘- ffi N.£,(Y)^) ^ 
(//5 (2) ffi //I (S)). To conclude the proof we need to determine the operator 0 r (©«)“ and the subspace •- ^n® (we refer 

to the Appendix for the notations). Let Hr be the Hilbert space given by dom)/^) = H (Y) x i/i (F) endowed with the scalar 
product 

((fu^Pl), (<p2,‘f2))R := (-/r + 31r)((01,<^i), {<p2,(P2)) ■ 

Let H'j^ denote its dual space. Since 

fR((4>u<Pi),(4>2,‘P2)) = <(1/M -HyoSL)AVi +m/[b] + ■YoDL)A(fu A^(p2)L\r) 

+ {A-hm/[b] + yiSL)AVi + (bm/[b] + yiDL))A^i, Ai<^2>L^(r), 


one has 


and 


H'^ = L\Y) X //-j(F), {(f', ip'), (f, ip))H'^,H, = {<P\ AV)L2(r) + {A-^-ip',A^ip)R2^r) , 

©R : H^(Y) X m (F) ^ L^{Y) x H ^ (F), 

© r ( 0 , ip) - ((1/M + yoSL)AV + ({b)m + roDL)A^, mi{b] + yiSL)AV + (bmi[b] + yiDL)A^). 
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Moreover 


={(^', ^') e l\D X H-HT ): V(0, ip) e A-3z|(r) x A-'//|(r), {{ip', cf>'), {cf>, = 0} 

={(0',^') e l\Y) X //-5(r): V (0,e L|(r) x //|(r), <0',<^)i2(r) + {ip ',= 0) 
=4.(r)x//^;(r). 

Therefore, by Lemma lTn ©« j; is self-adjoint on the domain 

dom(©Rj;) '--[{fp, v) £ A“^L|(n X A“*//i(r) : 3 ^ ^ e ranjll®) s.t. 

{ll[b] + foSL)A^<^ + ({b)l[b] + %r>l.)Kip - 0 6 4^(0 and 

mm + riSLjAV + {b^bj[b] + riDL)A^ - ^ e //^(r)) 

and 0R_x(<^, := (0,^)- Then 

t/f0«,E(A-V,A‘V) = (012) ©(^|S) 

=(((i/M + roSL)0 + {{b)m + foDL)^)is) © {{mm + riSL)^ + {bmm + riDL)^)i2) 

and 

dom(©«,j;) 

={(0, p) e ^ ■ 3 0 © 0 e ran(n®) s.t. 

{im + roSL)0 + {{b)m + foDL)^ - 0 e 4,(0 and 
((Z7 >/o] + riSL)0 + {bmm + riDL)^ - 0 e i/'4r)} 
c{(0,^) e 4(0 X //|(0 : ((l/[^] + roSL)0 + {{b)m + roDL)^)|5: e //i(E) and 
{{{b)m + fiSL)0 + {bmim + 7100^)12 e //^oi 
Q{{4>, p) 6 fi(0 X H1{T) : 3 0 © 0 6 ran(n2) s.t. 

((1/01 + roSL)0 + {{b)m + roDL)^)|S = 0|S and 

{{{b)m + riSL)0 + {bmm + 7100^)12 = 012) 

={(0, i/j) e 4*-^^ ^ ■ 3 0 © 0 £ ran(n®) s.t. 

{\m + 7 oSL )0 + {{b)m + 7 oDL)^ - 0 e 4(0 and 

mm + 7 isl )0 + {bmm + - 0 e 440) = dom(©«,2). 


Corollary 6.14. The linear operator in 0(]R") defined by Arj, (A™“ © A™“)|dom(AR s), where 

dom(A«,j;) ={m e h\R’"^) n (dom(A““) © dom(A”“)) : {-[yi]u) © [yolw e dom(©^, 2 ), (yfw - b^you)\L = 0} 
c{u e H\W\L) n (dom(A”“) © dom(A”“)) : (yf m - ^7±7om)| 2 = 0, ([yilOl? = 0}, 


is self-adjoint and its resolvent is given by 


{-Arx + z) 'm = {-A+zY 


■ G,(n®)'k! 


l/0]+7oSO 

(O/M+ 71 SO 


{b)m + 7oDO 

b^b.m + 7iDO 



yo(-A H- z) 'm 
yi(-A 


where R® is the restriction operatorR®{(f>®p) — (0|2)©(^|O. (H®)' acts there as the inclusion map (n|)' : (Offilif-^ (O 

H 'ilY) © (O o-nd Gj is defined in i4.2i . 
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Proof. By Theorem l 6 . H and Theorem l4.41 taking IT = 11® and 0 = -(t/®) one gets the self-adjoint extension © 

A™“)|dom(AR_ 5 ;) with domain (contained in //*(R"\r) by dom(0R,j;) c L^(r) x (T) and Remark l4~7l i. 


dom(Afi,j;) 

={m e //'(R"\r) n (dom(A”“) © dom(A”“)): (-[fM © [toIm e dom(0fi,£), 
n®(yo(M + SL['yiM] - DL[yoM]) © ri(« + SL['yiM] - DL[yoM])) = -(t/®©R,2;rk(-[ri]M) © [ToIm)} 
={m e HfW'XL) n (dom(A““) © dom(A”“)): (-[filw) © [ro]" e dom(0fi,j;), 

(ro«)|5; + (roSL[riM])|2 - (roDL[ro«])|5; = (nm + roSL)[ri]M - mm + roDL)[ro]M)|5: 

(f im)|£ + (riSL[riM])|2 - (riDL[roM])|2 = (mm + riSL)[fi]M - (bmm + riDL)[ro]«)|5:) 
={m e HfW'XL) n (dom(A““) © dom(A”“)): (-[fi]M) © [yolw e dom(0^,5;), 

([h]yoM - [yi]u + {b)[jQ\u)\'L = 0, ([h]yiM - {b)[yi\u + h+h-[yo]M)|2 = 0) 

={m e //'(IR"\2) n (dom(A““) © dom(A”“)) : 

(-[yi]M) © [yo]M e dom(0R,j;) , (yf m - h±yoM)|S = 0). 

The formula giving (-Arj_ + is consequence of (14.71 1. since 


and 


-t/® 0 Ry + n® 


yo(SL-S4) 

yi(SL-S4) 


yo(DL - DLj) 
yi(DL-D4) 



n 


e 

i: 


+ R 


e 

L 


yo(SL - SLj) 
yi(SL-S4) 


yo(DL - DLj) 
yi(DL-D4) 



R 


© 

I 


- 0 r,i+R| 


yo(SL - SL,) 
yi(SL-SL,) 


yo(DL-D4) 

yi(DL-D4) 


(n®)' = R% 


l/[h]+yoSL, 

<h>/[h]+yiSL, 


<h)/[h]+yoDL, 

bmm + yiDL, 


(n®)'. 


□ 


Remark 6.15. Since supp([yo]M) c 2 and supp([yi]M) c 2, for any u e dom(A^ ^), one has 


Arxu - All - [yi]M dj - [yo]M ~ ~ ~ b+b^you) 6^ + (yiu - (b) you) dgp^ 


and so (A«j;m)|2 = (Am)|!E . This also shows that Ar y. is a self-adjoint extension of the symmetric operator A|C“n,p(M"\S). 
Hence it depends only on S and h±|S and not on the whole T: one would obtain the same operator by considering any other 
bounded domain Qo with boundary To such that S c To. 

Remark 6.16. By the results contained in the proof of Theorem l6.13l for the domain of the sesquilinear form /r j; associated 
to the self-adjoint operator ®r y one has the relation dom(/R 2 ) £ 7/^(r) © (T). Therefore Theorem l4.1 21 applies and so, by 
Corollary 14.131 cr^c(^R,i) = cTadA) and the wave operators W±(Arj_,A), VT±(A, Ar ^) exist and are complete. 

Remark 6.17. Let f®ipe dom(0R,j;). Then, by 

((\m + yoSL)0 + ({b)m + yoDL)^)|Z e //i(S), 
there follows (p\'L e (2) c H^T), « < 5 . Hence, by 


(({b)m + yiSL )0 + (bmm + yiDL)^)|S e 7 / 5 ( 2 ), 

one gets (yiDL^)|2 6 7/^(2), i < 5 . Using (14.61) and the same arguments as in the proof of Lemma 14.81 one obtains 

dom(AR, 2 ) c 77^-(K"\(2 U (<9S)")) n 77^(K"\r). 


Remark 6.18. Suppose n = 3 and both T and S are smooth. By Theorem l6.131 we have 

(({b)m + yiSL)<^ + (bmm + yiDLj^jp e T/UX) 

with dom(0R^) £ T^(r) © 775(r). This yields (yiDLyp)|E e 7.^(2) c 77^(2), s < 0 and so, according to (16.21 ). we get 

(p e 77L(r), 5 < s < 1. Therefore dom(0Rj:) c Lf{T) © //^(T), 5 < s < 1, and so, by Remark l4~7l and (13.131 ). 


dom(AR, 5 ;) c m^(R\l.). 
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6.4. 5-interactions. 

Given E c F relatively open of class we denote by flj; the orthogonal projector in the Hilbert space //J(r) such that 

3 3 

ran(n£) = //^^(F)-'- ^ // 2 (E). Here H^, and denote the same operators as in Subsection l6.ll 

Theorem 6.19. Let Q be of class C*’*, let a e M 2 (F) be real-valued and let \ja e L“(F) have constant sign on (each 
connected component of) F. Then 

■ dom(0a,D,5;) C //_"(F) ^ //5(E) , 

®a,D.Y.f + 7oSL)n20 = ((1/a + 7oSL)0)|E, 

dom(©„,o,i) [f e //-"(F): ((1/a + roSL)</)|E e //i(E)), 

is self-adjoint. 

Proof. Since yoSL is infinitesimally 1/a-bounded (see the proof of Lemma lSJl) . the self-adjoint operator in //J (F) 

®a,D := 0«,dA^ : ^ //5(F), 

is semibounded; it is strictly positive whenever 1/a > 0 and upper bounded whenever 1/a < 0. In the following we suppose 
1 /a > 0, the case 1/a < 0 being treated in a similar way. Let fa^o be the densely defined, strictly positive, closed sesquilinear 
form associated with @a,D, i e. 

fa,D ; h\Y) X h\Y) c //i(F) X //5(F) ^ R , 


fa.oififi) ■— ((1/a -H 7 'oSL)A^(/ii, A^(/i 2 )L 2 (r). 

Since //^(F) n Hf(r)-‘- - //^(F) n A“^//_^(F) = A“^l 1(F) is dense in A“^//_^(F), we can use Lemma I tTI to determine the 
semibounded self-adjoint operator in ran/H^) associated to the restriction of fap to ran/Hj;). Then 

©ff.D.s Uz&a,DX^ ^ , dom(©„_£),j;) := A^dom(0Q,^^), 

is self-adjoint. To conclude the proof we need to determine the operator &a,D := (0a, d)" and the subspace K^, := fins (we 
refer to the Appendix for the notations). Let Ha.o be the Hilbert space given by dom(/Q,,o) = //^(F) endowed with the scalar 


product 

{‘P\,<p2)a,D fa, 2 ) ■ 

Let denote its dual space. 

Since 


fa,D{4’\,4>2) — ((1/a H- ■yoSL)A^(/ii, A^02)L2(r) . 

one has 

^'a,D - ^^(r) , {<T, A^0>L2(r) > 

and 

0„,ZJ ; //\F) ^ L^(r ), 0,.o = (1/a + roSLjA^ . 

Moreover 

6 lHd : Wf e A-^l^D , (^, AV>L2(r) = 0) 


e lHd : e /|(F), (ip, cf,h2^r) = 0} 
-lifT). 


Therefore, by Lemma 5.1, ©a.o.s is self-adjoint on the domain 

dom(0a_o_5;) {f e A^^/.i(F) :3fe ran/Hj;) s.t. (1/a H- yoSLjA^^ -fe L|c(F)) 


and &a,Dxf f- Then 


U^®a.D,i.^ = ((1/a H- ■yoSL)(^)|E 
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and 


dom(©Q._z)_2) ={<^ 6 : 3 ^ e ran(n2) s.t. (1/a + roSL)0 - ^ 6 L^^CF)} 

c{0 e Z|(r): ((l/a + roSL)<^)|S e //MS)} 

<z[(p 6 Z|(r) : 3^ e ran(n5;) s.t. ((1/a + 7oSL)0)|2 = ^|2) 

={0 e Z|(r): 3 ^ e ran(n5;) s.t. (1/a + yoSL)0 - ^ e F|r(r)} = dom(©a,o,5;). 

□ 

Remark 6.20. Let 0 e dom(©Q._£)j;) c £~(r). Then yoSL(^ e H^(y) and so, by ((1/a + 'yoSL)(^)|Z e Hi(L), one gets 
(0/a)|S 6 //*(^)- Thus, since i/*(S) = //|■(^) for any s e [0, |), in conclusion one has dom(©Q,,oj;) c //'(T) for any s e [0, |). 

Corollary 6.21. The linear operator in L^(R") defined by Aa,dj, (A™“ © A™“)|dom(AQ,_5 j;) with domain 

dom(AQ._^_j;) -{u e //^^(M"\2) n (dom(A™“) © dom(A™“)) : [yilw e dom(©Q.,£)_5;), {ayou - [yi]M)|E = 0} 
c{m e n (dom(A““) © dom(A”“)) : {ajau - [yi]u)\I. = 0), 

is self-adjoint and its resolvent is given by 

(-Aa,s,i. + = (-^ + 2)”' - SLjn2(/?s(l + ayoSL^)n9^'/?5;a7o(-A + z)^', 

— - 3 

where R^. is the restriction operator — (p\L and fl^ acts there as the inclusion map II^ : H ^fT). 

Proof. By Theorem 16.191 and Theorem 14.41 taking 11(0 ® ip) - © 0 and ©(0 ® p) - (-U^^&a.Dxf) © 0, one gets the 

self-adjoint extension (A™“ © A™“)|dom(AQ._^_x) with domain (contained in //^(K"\r), i < 2, by dom(©Q,_fl_x) £ Ff^(r), i < 5, 
and by Remark l4~7l l 

dom(Aa,5,5;) 

={m 6 //2^(R''\r) n (dom(A”“) © dom(A”“)) : [njM e dom(©„,z,,5;), Tl^iyoiu + SL[yiM])) = U^^QcDxlriu]} 

={m e H^^{W\r) n (dom(A”“) © dom(A”“)) : [yijM e dom(©„,zj,5;), (you)\Y + (SL[yiM])|S = ((1/a + 7oSL)[yiM])|S} 

={m e //2-(K"\S) n (dom(A”“) ©dom(A”“)) : [yi]u e dom(©<,,o,5;), (ayoM - [ri]M)|2; = 0} 

c{u e //"(K"\S) n (dom(A”“) © dom(A““)) : (ayou - [yi]u)\I. = 0), 

The formula giving (-Aa^sx + consequence of (I4.7l i. since 

(-u^&a,Dx + n2ro(SL - SLjn^-'n^ = (-©a.n.i + /?sro(SL - 

and 


-®a,Dx 4 > + Rzro(SL - SL;)0 = - ((1/a + ■yoSL)0)|S + (7oSL0)|S - (7oSL20)|S 

= - ((1/a + roSL,)0)|£ = -(l/(a|S))(l + aroSL,)0)|£. 


□ 


Remark 6.22. Since supp([ 7 o]M) £ 2, for any u e dom(AQ, , 5 _ 5 ;), one has 

Aa.sy: u — Au - ayouS-^ 

and so (Aa^sx - (Am)|S . This also shows that Aa^s,!: is a self-adjoint extension of the symmetric operator A|C“n,p(M"\S). 
Hence it depends only on S and a|S and not on the whole T: one would obtain the same operator by considering any other 
bounded domain Qo with boundary Fo such that E c Fo. 

Remark 6.23. According to Remark l6.201 0|E e H'(E) whenever 0 e dom(©Q.,fl_j;); thus Lemma lASl applies and one gets 

dom(A„,,, 2 ) c //2(R”\(E U (5E)^)) . 

Remark 6.24. By the results contained in the proof of Theorem l6.19l for the domain of the sesquilinear form fa,Dx associated 
to the self-adjoint operator &a,DX one has the relation dom(/Q,/jj;) c //^(F). Therefore Theorem 14. 1 21 applies and so, by 
Corollary 14.131 o-ac(Aaxx) = crac(A) and the wave operators VF±(Aq. , 54 ;, A), VFt(A, exist and are complete. 

31 













6.5. 5'-interactions. 

Given S c F relatively open of class we denote by flj; the orthogonal projector in the Hilbert space H^{Y) such that 

i I 

ranjHj;) = ^ H^CL). Here H^, R^. and U-^ denote the same operators as in Subsection l6.2l 

Theorem 6.25. Let Q be of class C^’' and let p e (F) be real valued and 1 /y6 6 L“(F). Then 

®I3,N,1. '■ dom(©/;_Af,2) £ //-^(F) —> //2(2) , 

®0,N,i.<P ■- + TiDLjH^^ = {-IIP + yiDLj^jlS, 

dom(0^,^.£) := 6 //|(F) : {{-HP + fiDL)^)|5: e (S)}, 

is self-adjoint. 

Proof. By (13.301) . since 1 /y6 is infinitesimally yi DL-bounded (see the proof of Lemma lSTil i. the self-adjoint operator in (F) 
given by 

®p,N ©a^A ; c HHT) ^ HHT ), 

is upper bounded. Let fp^N be the densely defined, semibounded, closed sesquilinear form associated with ©aw, i e. 

fp^N '■ (O X (F) c (F) X (F) -> M, 


ffiMvuifi) <(-l//3 + fiDL)A<,oi,A^2>-i,i- 

Since Hi (F) n H^fFH - Hi (F) D (F) = A“*//i(F) is dense in A“'//_^ (F), we can use Lemma ItTI to determine the 

semibounded self-adjoint operator &p^ffx in ran(n 5 ;) associated to the restriction of fp^N to ran(n 2 ). Then 

©/s.VA := U^®i},NX^ ' ’ dom(0^,A^_j;) := Adom(0^,Ar_2), 

is self-adjoint. To conclude the proof we need to determine the operator Qp^^ ■- (0;3,iv7 and the subspace K-^ (we 

3 

refer to the Appendix for the notations). Let Hp^ff be the Hilbert space given by dom(^ ^v) = H~- (F) endowed with the scalar 
product 

{{^\,V2)p,N {-fp,N + dy3,iv)(i/3i^2) , 

where Ap^^ is chosen in such a way to have -fp^N + > 0. Let H'^ ^ denote its dual space. Since 

fp,N{<T\,^i) = {A~i{-\!p - yiY)Y))Aipi, Ai(p2)LHT), 

one has 

^AA' = , {{f>, , 

and 

®p^ : Hi{T) ^ H-i{T ), 0^,^ = (-1/yS + yiDL)A. 

Moreover 

e H-i{Y) : e A-'//|(F), {A^if,Aiip)L2^r) = 0} 

e h Hy) : 'itp e H1{Y), = 0} 

^hJ{Y). 

Therefore, by Lemma 5.1, &p.N.i. is self-adjoint on the domain 

dom(0^,iv,5;) {ip e A-^Hl{Y) ; 3 (o e ran(n 2 ;) s.t. (-1//3 H- yiDL)A,,o - if e H^J (F)} 
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and &/ 3 ^Nj.)<p ip. Then 


Ui,&i3^nxA — ip\L - {{-\Ip + y\Dh)p)\L 

dom( 0 ^,A,, 5 ;) ={(/j e //|(r) : 3^ 6 ran(n£) s.t. (-1//? + yiDL)^ - 6 //j-c'CT)) 

Q[p 6 //|(r) : ((-l//J + y,DL)<^)|S e //’(2)} 

Q{p e H1{T) : 3^ 6 ran(n£) s.t. ((-1//? + 7 iDL)^)|S = ^|S} 

e Hl(T) -.3 ip & ran(n 2 ;) s.t. (-1//? + fiDL)(^ - ip e = dom(©^,A,,j;). 


Corollary 6.26. The linear operator in L^(]R") defined by (A™“ © A™“)|dom(A^_j'j;) with domain 

dom(A^_ 5 -_ 2 ) -{u 6 n (dom(A™“) © dom(A™“)) : [yolw e dom(©^_A', 2 ;), (fijiu - [ro]«)|2^ = 0} 

c{m e //'(R"\S) n (dom(A”“) © dom(A”“)): (fiyou - [yi]u)\I. = 0), 


□ 


is self-adjoint and its resolvent is given by 

{-Ap,s'x + 2)’‘« = (-^ + + DL,n^(7;z(l -Pyi\^U)Yr^r^R^yx{-A + z)"', 

-1 _i 

where R^. is the restriction operator R-j^f — (^|2 and Ilj acts there as the inclusion map (T) H 2 (T). 

Proof. By Theorem l6.19l and Theorem l4.41 taking Y[{f) ®p) = 0 © Hj; and ®p) = 0 © one gets the self- 

adjoint extension (A™“ © A™“)|dom(A^, 5 'j;) with domain (contained in //'(]R”\r), by dom(©^;v, 5 ;) £ and by Remark 

lO) 


dom(A/j_a-,5;) 

={m e H\W\T) n (dom(A”“) © dom(A”“)) : [toIm 6 dom(©^,^. 2 ), n^CnCw - DL[roM])) = -U^^®p,Nx\.you\} 

^{u e H\W\T) n (dom(A”“) © dom(A”“)) : [toIm 6 dom(©^,^. 2 ), {yxu)\'L - (DL[yoM])|5; = -((-1/yS + yiDL)[yoM])|2} 

={m e //'(R"\S) n (dom(A”“) © dom(A”“)) : [yo\u 6 dom(©^,A,, 2 ), (J3yiu - [yo]M)|2 = 0} 

c{m e //'(IR"\E) n (dom(A”“) © dom(A”“)) : {pyiu - [yojMjlS = 0}, 

The formula giving + z)”' is consequence of (14.7b . since 

{-u^®p,N.^ + n^yKOL - DL^jn^-'n^ = {-®p,Nx + -R2ri(DL - DLjn^j-'R^ 

and 


-®p.NxP + R 2 ;yi(DL - =((l/y6 - yiDL)0)|2 + (yiDL0)|2 - (yiD4(/?)|2 

K(l/y8-fiD4)<^)|2 = (1/(;8|Z))(1 -/?y,DL,)0)|Z. 


Remark 6.27. Since supp([yi]M) c 2, for any u e dom(A^, 5 ', 2 )j one has 


□ 


Ap^S'XU — Au- Pyi u dgd^ 

and so (A^^s'.i.u)]'^ - (Am)| 2 . This also shows that Ap s’x is a self-adjoint extension of the symmetric operator A|C“njp(M"\S). 
Hence it depends only on Z and p\L and not on the whole T: one would obtain the same operator by considering any other 
bounded domain Qo with boundary To such that S c To. 

Remark 6.28. According to the definition of dom(©^ ;v_x), one has dom(©^ ;v_x) = dom(©A^^); thus Lemma l4~8] applies and 
one gets 

dom(A^,5-,2) £ h2(R"\(E U (5E)0) • 
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Remark 6.29. By the results contained in the proof of Theorem l6.25l for the domain of the sesquilinear form associated 
to the self-adjoint operator 0 ^ 3 ,a?,e one has the relation dom(/Q.;v, 2 ;) £ Therefore Theorem 14.121 applies and so, by 

Corollary 14.131 o-adAp^s’x) - cTadA) and the wave operators W±(A,A/j^s’x) exist and are complete. 

Remark 6.30. Let ip e dom(©^,Ar x) £ (T). Then (yiDL,^)|S e //5(E) c //"(E), s < 0. Then, in case n = 3 and both T and 

E are smooth, by (I6.21 i. tp e //"(T), s < 1. Therefore dom( 0 ^_A', 2 ;) £ ^f*(r), 5 < s < 1, and so, by Remark 14771 and (13.131) . 

dom(A^,A-_ 5 ;) c //5'(]R^\E). 


7. Appendix. Some remarks on compressions of self-adjoint operators. 


Let 0 ; dom(0) c ()—»() be a semibounded self-adjoint operator on the Hilbert space h and let / ; dom(/) x dom(/) c 
h X [) ^ K be the corresponding semibounded sesquilinear form. Without loss of generality, eventually by considering (-0) 
and/or adding a constant, we can suppose that 0 (and hence /) is strictly positive. Let I)© be the Hilbert space given by 
dom(/) endowed with the scalar product {ip\,ip2)i)Q Let t)Q be its dual space and let t : 1)0 —» 1)q be the injection 

defined by {up, = (</>, ^)[), where (-, denotes the duality and (-, ■)(, denotes the scalar product in 1 ); by the 

identification Lcp = (p, we may regard I)© c f) c f)^. Let 0 ; 1)© ^ 1 )q be the bounded operator defined by 

(0i4i>y^2>f)y)0 = (y 2 i,v? 2>[)0 > e he ■ 

Obviously 0|dom(0) = 0; moreover, by ll^ Theorem 2.1], 


dom( 0 ) = 0 © ;= {i,cj e he : ©y? e h! • 


In conclusion one gets a well know characterization of 0 (see Il34l Remark at page 13], 0641 Proof of Theorem VIII. 15]): 


0 = 010 ©. 


(7.1) 


Let now H : h ^ h be an orthogonal projector such that dom(/) n ran(n) is dense in ran(n). Then the sesquilinear form 

/n : dom(/n) x dom(/n) £ ran(n) x ran(n) —> K, 

f(Iiip\,Iiip 2 ) = fivun) > dom(/n) dom(/) n ran(n), 

is densely defined, closed and strictly positive. Hence there exists a unique strictly positive self-adjoint operator 0n in ran(n) 
corresponding to /n. By the above reasonings applied to ©n, we know that 0n = ©nlbon- For any ipi e dom(0) n ran(n) and 
for any ip 2 6 dom(/) n ran(n) one has 

<0nyoi,y>2>f,^^f,0n = <yoi,i/j2)()0j, =/(n^i,n^i) = (0n^i,ny!2>f, = {UQnipun)\) ■ 

Thus dom( 0 ) n ran(n) c and Cn(0) £ ©n. where Cn(0) is the compression of 0 to ran(n) defined by 

Cn(0) ; dom(Cn(0)) £ ran(n) ^ ran(n), 


dom(Cn(0)) dom( 0 ) n ran(n), Cn(0)<^ := n 0 n(/i = YVdp. 

Notice that Cn(0) is symmetric but it can be not self-adjoint; it is self-adjoint if and only if h©jj c dom(0). 

We now give a more explicit definition of ©n. Let hsn be the Hilbert space dom(/n) endowed with the scalar product 

(y’i>y’2)i)0jj ;= /n(y’i,y22) = f(‘Pi,‘P2) - {‘Pi,‘P2}t)e 
and let h^^^ denote its dual. Since hon = h© £) ran(n), by 1@, Proposition 3.5.1] one has 

where 

fn := {<^ e h© ; V(,o e hsn - = 0 ! - 
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i.e. 


The f) 0 ^-f) 0 n duality is then defined by <[0],:= <0,Let in : t) 0 jj ^ be the injection defined by 
- Since 

one gets ini^ = [i^]. By the identification L^ip = ip, we may regard f)©^ c ran(n) c 1)^^. For any p\,pi e 1)0^, the bounded 
operator 0n : f)0ij —> satisfies the relations 

(0n^f>i,'^2>(,^^.i,0jj = /n('^i,^f>2) = fivun) = (%i>^f>2)i,^i,0 = ([©'^i],'^2>(,^^(,0jj ■ 

Thus 0n^ = [0^] and 


50 n ^{pe f) 0 n : [ 01 ^] e ran(n)} ^ {p e f) 0 n : 3p e ran(n) s.t. 0.^ - ^ e tn) ■ 

In conclusion we have the following 

Lemma 7.1. Let f : dom(/) x dom(/) c [) x f) —> K fie the closed sesquilinear form corresponding to the semibounded 
self-adjoint operator 0; let 11 : f) —> 1) fie an orthogonal projector such that dom(/) n ran(n) is dense in ran(n). Then the 
self-adjoint operator 0 n : dom( 0 n) £ ran(n) —> ran(n) associated to the closed semibounded sesquilinear form /n defined 
as the restriction off to dom(/) n ran(n), is given by 

dom(0n) {p^ e dom(/) n ran(n) : 3p e ran(n) s.t. 0^ - p e tn), := P ■ 

Moreover the compression Cn(©) is self-adjoint, equivalenty Cn(©) = ©n. if and only i/dom(0n) £ dom(0). 
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